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Chapter 1

Mathematical background
for Numerical Methods

In the following chapters we will cover the part of Numerical Analysis of the
course of Computational Mathematics for Data Learning and Analytics. This
part of the course is held by Professor Federico Giovanni Poloni. The content of
these chapters is based primarily on the material provided by the professor on
the e-learning portal. In addition to that material, the introduction is based on
the content of the course Linear Algebra held by Prof. Gilbert Strang from MIT.
There is a nice portal called MIT OpenCourseWare where you can find a lot of
recorded lectures from MIT. Linear algebra course is just super duper fantastic.

1.1 A brief journey in Linear Algebra

What is linear algebra? Linear algebra solves systems of linear equations. Period.
But there is a whole world there in. So better start right now.

What is a system of equations? Well, simply put, it is a bunch of linear
equations, say m, each of which is characterized by at most n unknowns, i.e.
variables. Since there are two dimensions involved here, that is m and n, there
are actually two points of view to look at this system. We can look at it from
the row perspective and from the column perspective. Let us go through an
example to show this.

Example 1.1.1. Suppose we are given the following system of two linear equa-
tions with two unknowns:

—dx +2y=2
3x+ 5y =-3

We can write this system of linear equations in the following matrix form:

361
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FIGURE 1.1: Linear system

Usually the coefficient matriz is indicated with A, the vector of unknowns is
indicated with x, and the vector of coefficients on the right hand side is usually
indicated with b.

The row perspective is the one that we are mostly used to deal with. Fach
equation in this example represents a line in the Cartesian plane and the problem
requires to find the point (if it exists) where the two lines meet (see figure 1.1).

The column perspective is a bit different and may be completely new to you.
Look at this mind blowing thing:

[0l

Why is column perspective interesting? Because now we can look at these
columns of A as vectors in a column space. We are eager to find the right
amount (unknowns) of each of these column vectors that produce the vector b
(see figure 1.2).

Linear combination is the fundamental operation of the whole course. Besides
the question of what is the linear combination of the columns of A that produce
b, we will also ask ourselves what are all the possible vectors b that we can
obtain with some linear combination of the columns of A? Or what are all the
possible linear combinations of the columns of A that give a certain b?

In the previous example we have encountered a bunch of new terms. Let us
now define them rigorously. We saw that the generic system of linear equations
can be written as:

Ax=Db

Note that we are actually abusing terminology here. Even though it is not that
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FIGURE 1.2: Linear system 2

important, bare in mind that these are actually affine equations. The linear
equations are the equations that go through the origin, while affine need not to.

We have seen that there is a row perspective and a column perspective. These
perspectives are actually two different Euclidean spaces. The first is called row
space and the second one is the column space. Note how these correspond directly
to the rows and columns of A respectively. When the matrix is a square matrix
the dimension of the two spaces is the same (if certain properties hold). But
when we have m x n matrices, then the two spaces have different dimensions (if
the same properties hold). Remember all these spaces, because it is important!
Especially the column space.

Clearly, two equations in two unknowns is a very basic case. Let us see
another basic case before moving to definitions.

Example 1.1.2. Let us now take three equations in three unknowns.

Now that we have said that the linear system of equations can also be seen
as a bunch of vectors in the n dimensional space, we can think of solving a linear
system of equations as the problem of finding a linear combination of columns of
the matrix A to obtain the vector b. Thus, given a vector b, how can we obtain
it (if it is possible at all) as a linear combination of the columns of A? If you
think a bit, the vector b is yet another vector in the n dimensional space. Think
of the columns of A as directions, i.e. n directions. You are in the origin of the
space, and you want to get to the point pointed by b. You may move in each
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of n directions only once and in every direction you can choose how much you
want to move. You may move backwards (corresponding to negative coefficient
in the linear combination) or forward (corresponding to positive coefficient in
the linear combination). A zero coeflicient means that you do not move in the
corresponding direction. The problem is: given these n direction, can you get
from the origin to the point b whatever b you are given? This basically means
that these n direction must somehow “fill” the whole space, that is for every
point b there must be a linear combination of directions that bring you from
the origin to b. So, is there a way to know whether a given set of columns is
“sufficiently powerful” to be able to generate all the “treasury maps”? Here
comes the concept of linear independence.

If the columns of A are linearly independent, then every vector b on the
right hand side of the equation Ax = b can be generated with some combination
of columns of A. What does it mean to be linearly independent? It means that
when you take one of the n columns, you cannot find a linear combination of the
remaining n — 1 columns of A that can generate the one that you have picked.
Geometrically speaking, n — 1 columns in an n dimensional space generate a so
called subspace. In an n dimensional space there are n types of subspaces: a
zero subspace, the subspaces of 1 dimension, the subspaces of 2 dimensions, ...,
the subspaces of n — 1 dimensions, and finally a subspace of n dimensions. Note
singularity and plurality in the previous sentence. There is only one subspace of
zero dimension, namely the origin. There is only one subspace of n dimensions
in an n dimensional space, the space it self. The remaining subspaces are all
of dimensions 1 to n — 1. A subspace of dimension 1 is a line. A subspace of
dimension 2 is a plane. A subspace of dimension 3 is the three dimensional space.
A subspace of dimension 4... well you picture it, I'm not able. So n — 1 vectors
in the n dimensional space generate a subspace (think of a plane subspace in the
three dimensional space). If the vector that we have picked from A is located on
the very same plane generated by the n — 1 vectors, then there is no way that
these n — 1 vectors can generate a vector that is outside of this plane, because
there is no direction that points outside of the plane itself. The vector that we
have picked and that is on the plane is then linearly dependent from the n — 1
remaining ones. Clearly, we may have more than one vectors that are linearly
dependent from the rest in A. The obvious question now is what is the subspace
that the columns of A generate? In other words what is the maximum number
of linearly independent columns of A? In linear algebra this is the so called rank
of the matrix. When the rank is n then the matrix is said to be full rank. Given
this definition, the rank of the matrix then satisfy the following box constraint:

0 <rank(A)<n

for some A € M(n,R). Since we have two dimensions, namely rows and columns,
each of which generates its own space, namely row space and column space, you
may legitimately wonder if these are the same. Well, in case of square matrices
n X n the two are the same. So the rank of row space is the same of the column
space. You want a proof? Search rank of a matrix on Wikipedia for three
different proofs.
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Let us now turn back to the rows. The question for you is: what happens if
we do instead:

xT'A=b"
where xT is a row vector, so we have:
ail a12 co. Qip
a1 a22 ... Qop
[xl To ... xn] . . . :[bl by ... bn]
anl1 ap2 ... Qpp

The row vector b is the linear combination of the rows of A where the weights
are given by the vector x. Namely:

X [au aip ... aln] + -4, [anl An2 ... a,m] = [bl bg e bn]

Everything we said about columns, linear independence, rank, etc, holds for rows
and row space of the matrix A. Basically, when we do operations from the left of
the matrix A then we are operating on rows of the matrix, when instead we are
operating from the right then we are performing operations over columns of A.

Now that we know hat linearly independent columns of A can generate all the
vectors in the corresponding n dimensional column space, the question is how do
we generate it? In other words, given a vector b how do we find the coefficients
of the linear combination that generate it? Note the linear combination and
not a linear combination. There is only one linear combination that generates
it. Why? Picture the row space. Each equation in the linear system generates
a subspace of dimension n — 1. So in three dimensional space the equations
represent planes. In case of a system of n linear equations in n unknowns, we
have n subspaces of dimension n — 1 in the n dimensional row space. So if these
n subspaces are linearly independent, then it must be the case that there is only
one point that touches them all when they intersect. If there is more than one
point that is in the intersection of all of them, then the matrix A is not full rank.
Suppose then that the columns (or rows) are linearly independent, how do we
find the coefficients? Note this basic math:

1 b
ar=b = —rx=- <= z=a"'b
a a
where every term is a simple scalar. So to get x we must multiply b with
the inverse of a. The same happens with the matrices and vectors. We need
something called inverse matrix of A, indicated with A~

x=A"'b

The matrix A is invertible only if it has full column rank. This is why the linear
independence is so central to the whole linear algebra. Note that only square
matrices may have the inverse matrix. Obviously, the inverse matrix is unique.
And moreover the inverse of the inverse is the initial matrix, namely:

(A7) =4
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Cool man. But how the heck are we going to find the inverse? There are
many (not that many) algorithms that can be used for matrix inversion. But one
of the standard one is the Gauss-Jordan Elimination algorithm. Are we going to
cover it here? Why not? It is one of the most used algorithms in linear algebra
so let us give it some love. But before doing this algorithm, we still need one
ingredient: matrix multiplications.

1.1.1 Matrix multiplications: four flavors plus one of look-
ing at it

Matrix multiplication is another of the most important operations that you can
think of when you think of linear algebra. In here, we are going to cover briefly
four different ways of looking at this important operation.

We start with the basic definition that you probably have seen if you have
ever done some linear algebra course. The classical definition is:

ail ai12 e QA1n b11 b12 e bln C11 C12 e Cin

a21 Aag22 ... QA2p bar baa ... ba2g C21 C22 ... Con

anl Ap2 ... Qnpp bnl bn2 bnn Cnl  Cn2 Cnn
where:

n
Cij = E Qikbrj
k=1

But as we all know, there is more than one of everything. Another way to
look at matrix-matrix multiplication is the following. We have seen that matrix
vector multiplication is basically a linear operation that send a certain vector x
into another vector y. Thus, Ax = y means that x is mapped to y through A.
When it comes to the matrix matrix multiplication, i.e. AB = C, the same story
happens. It is the columns of B that are mapped to columns of C'. Each column
i of B (denoted as B?) is mapped to the corresponding column i of C. Similarly,
we could think of all of this from the row space perspective. The rows of A are
mapped to the corresponding rows of C' through B. So these are the additional
two ways to look at matrix matrix multiplication. What about the fourth one?

The fourth way to look at matrix-matrix multiplication is a bit more mind
blowing. In the first way, we have computed the dot products between rows of
A and columns of B. But nobody prevents us from doing the contrary. What if
we used the columns of A and the rows of B:

aq
a;
[bﬂ bio ... bzn}
(%)
What do we get for each i =1,...,n7 We get an n X n matrix. So the resulting

matrix C' is the summation of n different matrices of size n x n.
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1.2 Formal definitions

At this point, we are ready to introduce the formality of linear algebra, that we
will use throughout the whole course:

e Vector-Scalar product:
Let x € R™ and A € R we call multiple of vector x the following vector:

Ax1
AX =X\ = :
ATy,
¢ Vector-Vector product:
Let x,y € R™, the dot product between these two vectors is defined as
xTy = zw: x;7;. Note in particular that x”y € R. In other words, the dot

i=1
product produces a scalar.

e Scalar-Matrix product:
Let A € M(n,m,R) and A € R we call the scalar-matrix product the

following:
A1 A - Mg
)\Agl )\AQQ s )\Agm
A=A\ = . . . .

e Matrix-Vector product:
Given a matrix A € M(n,m,R) and a vector v € R™ the matrix-vector
product Av =w € R" is computed as follows:

A1V
A2V m
w=Av = . , Wy = E Aijvj
. j=1
A,V

This is the simple way, just a row-by-column vector product, the computa-
tional complexity of this operation is O(n?).
The smart way to compute it: linear combinations of columns of A,

e.g.:
A A Asgs
Apt Agy Agg | (V) _ (1
Az Aszy Asg UQ N w2
Ap Agp Ags 3 3
with linear combinations we have:
A Aqo Ais wy
Aoy Az Ags | w2
Az vt Aso vt Ass | 7 | ws

A Ay Ays wy
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e Matrix-Matrix Product:
Given two matrices A € M(n, m, R) and B € M(m,k, R) we call matrix-
matrix product the following: C = AB such that C;; = A;B7, where
A;T € R™ is the i-th row of A, B’ is the i-th column of B (B’ € R™)
and C' € M(n,k,R). Notice that this product is not commutative:
AB # BA might not even make sense dimension-wise.

Terminology

In this notes we refer to the columns to a generic matrix A as A’
for the first column, A? for the second column and so on and so
forth.

Conversely, we represent the rows of a matrix A as A;.

As long as the complexity is concerned, multiplying two matrices m X n
and n x k requires O(mnk) floating point operations (flops). Forget about
fancier algorithms (e.g. Strassen)

Order of operations

Usual algebra properties hold, e.g.: A(B+C) = AB+AC, A(BC) =
(AB)C,....

Parenthesization matters a lot: if A,B € M(n,R), v € R", then
(AB)v costs O(n?), but A(Bv) costs O(n?). Programming lan-
guages usually do not rearrange parentheses to help.

o Image of a matrix A (Im(A)): the set of vectors that can be obtained
multiplying A by any vector in the domain of A.

o Kernel of a matrix A (ker(A4)): the set of vectors w in its domain such

that Aw = 0.
o Given a matrix A € M(n,R) we call inverse of A the matrix A~! such
that:
1
1
ATMA=AAT =1, = 1

The inverse of a product (shoe-sock identity) is (AB)™' = B~1A~L.
Notice that this identity holds only for square matrices.
+ The transpose of a matrix A € M(n,m,R) is A” such that A], = Aj;.

The transpose of a product (shoe-sock identity) is (AB)" = BT AT,
(This identity holds for square and rectangular matrices)
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Definition 1.2.1. General linear group (GL): the general linear group of
degree m is the set of n x n invertible matrices, together with the operation of
ordinary matrix multiplication

Fact 1.2.1. Let A € GL(n,R) (aka A is a real square matriz of size n and
invertible), B,C € M(n,m,R) and we have the equality AB = AC'. If there is
a matriz M such that M A = I, the following holds

(MA)B=(MA)C <= B=C, M=A""
In general, AB = AC does not imply B = C; it holds only when A is invertible.

L 3 Terminology

vi=(4 5 6)

<
I
ERSEN

v is a column vector in R? (or a matrix in M(3,1,R)) and v’ is a row
vector (or a matrix in M(1,3,R)).

Definition 1.2.2 (Basis). We call basis a set B of elements (vectors) in a
vector space V' if every element of V' may be written in a unique way as a (finite)
linear combination of elements of B. The coefficients of this linear combination
are referred to as components or coordinates on B of the vector. The elements
of a basis are called basis vectors.

Definition 1.2.3 (Canonical basis). We term canonical basis of a vector space
R™ the basis made of all the column of the n X n identity matriz I, € M(n,R).

Example 1.2.1. In R* the canonical basis is B = {e;, ez, es,eq} such that

1 0 0 0
€1 = 0 , €2 = ! , €3 = 0 , €4 = 0
0 0 1 0
0 0 0 1

and each vector w € R* can be written as W = wie1 + waes + wses + waeq.

The powerful idea behind linear algebra: many relations are true regardless
of the basis we use. E.g. w, v and w + v in two different bases.

Example 1.2.2. Let us take two vectors v, w and let us write those with respect
to two different bases By and Bs:

e (o ()
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and

v+ w = (—0.5,4.5)

~ (0.5,1.5)

FIGURE 1.3: How a change of basis reflects on the space.

Definition 1.2.4 (Triangular matrix). Let A € M(n,R). We term A upper
triangular if (A)ij =0 for each i < j. Conversely, we term A lower trian-
gular if (A)Z.j =0 for each j < i. The set of all triangular n x n real matrices
is a group and it is denoted as T'(n,R).

Definition 1.2.5 (Diagonal matrix). Let A € M(n,R). We term A diagonal
if (A)ij =0 for each i # j. The set of all diagonal n x n real matrices is a group
and it is denoted as D(n,R).

Definition 1.2.6 (Symmetric matrix). Let A € M(n,R). We term A sym-
metric if (A),; = (A);; for eachi,j=1,....n. The set of all symmetric n x n
real matrices is a group and it is denoted as S(n,R).

Fact 1.2.2. A€ S(n,R) «— AT =A

1.3 Solving Linear Systems

The objective of this course, for the part concerning numerical methods, is
solving linear systems efficiently.

Definition 1.3.1 (Linear system). Let A € M(n,m,R), b € R" and x € R™.
We term linear system the following:

Ax=Db

Sometimes it is not possible or not feasible to solve such a system, then we
try to approzimate the vector x € R™, trying to increase the proximity of the
approximated value, trying to minimize ||Ax — b||* (see Figure 1.4).

*Where [|-|| denotes the norm of a vector and it is formalized in Definition 1.4.1
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FIGURE 1.4: In this case the image of the matrix A (in red) does not contain b and
the best one can do is to obtain a projection of b in the plane Im(A) (drawn in blue).

Definition 1.3.2 (Least Squares Problem). Let A € M(n,m,R), b € R™ and
x € R™. We term least squares problem the following:

min ||Ax — b||
xeR™

If we have a square and invertible matrix A € GL(n,R) solving a linear
system means: find those coordinates X1, ...,X, needed to write b as a linear
combination of the columns of (square) A and in this case, the solution is given
by: x = A 'b.

Definition 1.3.3 (Linear combination). In a very informal way, we can define
the goal of linear combination as the pursuit of obtaining a certain target
vector b € R™ using m (in principle m # n) vectors x1,Xa,...,Xm € R™ such
that

a1X1 + asXg + -+ @pXm = b
where a; € R are properly chosen.

Theorem 1.3.1. Let A € M(n,m,R) and let b € R™. It holds that any linear
system Ax = b is solvable iff A is invertible.
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Oﬁ Something on Matlab ...

Matlab provides syntactic sugar to solve linear systems.

Before introducing such syntax let we just notice the following 5\ 2
(=2/5) #5/2.

The syntax to solve Ax = b is A\ b, where the algorithm used in Matlab
is not inverting the matrix A and then performing the multiplication, but
it is a more sophisticated and efficient one.

Moreover, in Matlab the syntax .op means that function op should be
performed entry by entry of the non-scalar variable. For example b ./ ¢
performs the division element-wise of the two vectors b and c.

Definition 1.3.4 (Full column rank matrix). Let A € M(n,m,R) we say that
A has full column rank if ker A = {0}.
Equivalently, k(A) = n or alternatively fz € R"™\{0} such that Az = 0.

Fact 1.3.2. Let A € M(n,m,R), the least square problem m]iRn |Ax — b|| has
xeR™

a unique solution iff A has full column rank.

Theorem 1.3.3. Let A € M(n,m,R). A has full column rank iff ATA is
positive definite.

Proof. A has full column rank <= |[Az|| # 0,Vz € R™\{0} < |Az|® #
0,Vz € R™{0} <= 0= (Az)" Az = 2T AT Az O

Warning: this is not the best way to solve a linear system on a computer!

e
'0:;, Something on Matlab ...

Notice that the machine precision is 10716, so we should pay attention
when making computations, since we may incur in some error (propor-
tional to the size of the operands).

In Matlab a matrix is written as A=[1, 2, 3; 4, 5, 6];, where [1, 2,
3] is the first row of the matrix A.

The transpose of a matrix or a vector is denoted by A’.

The inverse of a square matrix is denoted by inv (A).

If we are interested in only a part of our matrix A we may write A(1:2,
1:3) and obtain only the rows of A that go from 1 to 2 and those columns
from 1 to 3.

Notice that in Matlab both vector and matrices are 1-based.

Definition 1.3.5 (Block multiplications). Let A € M(n,m,R) and let B €
M(m,k,R). We can compute the result of a block of the matriz AB as the
product of the two blocks in A and B in the corresponding position.
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Observation 1.3.1. When computing a matriz product, we get the same result
if we use the row-by-column rule block-wise.

X X[ X X X[X X
X X[ X X X[X X
X XX X X[X X
X XX X X[X X
X XX X X[X X
X XX X X[X X
X X|X|[X X X
X X|X[X X X
X X|X|X X X
X X|X|[X X X
X X|X|[X X X
X X|X|[X X X
|
X X[ X X X[X X

X
X
X

(E) (55 %) - (89) coomsomo (D) (0050)- (B

Notice that block operations usually give better performance: one matrix-
matrix product performs faster than n matrix-vector products (even if they have
the same number of flops). This is one of the reasons why library calls usually
perform better than hand-coded loops (Blas/Lapack).

Fact 1.3.4 (Block triangular matrices). Let M € M (n,m,R) and B € M (m, k,R)
such that they are block triangular. Their product is a block triangular matriz
as well. In other words, block triangular matrices are closed under products:

(A B\ (D E\ [(AD AE+ BF
us=(5 ¢) (7 7= )
Fact 1.3.5 (Properties of block triangular matrices).

Let M be a block triangular matrixz, where all the blocks on the diagonal are
square

A A - Ay
0 Ay - Ay

M = . ) . .
0 - 0 Ay,

1. A block triangular matriz is invertible iff all diagonal blocks A;; are invert-
ible;

2. The eigenvalues’ of a block triangular matriz are the union of the eigen-
values of each diagonal block A;;;

A B

3. Let M € GL(n,R) such that M = (O c

A"l —A-ipCct
-1 _
M _( 0 c-1 >

) the inverse of M is

TThe concept of eigenvalue is exposed in Definition 1.5.1.

X X X X X
X X X X X
X X X X X
X X X X X
X X X X X
X X X X X
X X X X X

X X

X X
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4. The product of two block (upper/lower) triangular matrices (with compatible
block sizes) is still block triangular

Why are we interested in block triangular matrices? They depict a situation
as shown in Figure 1.5.

FIGURE 1.5: The adjacency matrix of a biparted graph has Os in its bottom left
part (Matlab syntax A[p+1:n; 1:p]=0), which means that the edges from a connected
component and the other are in one direction only.

Matrix structures matter. Block triangular linear systems have a cheaper
solution than general systems as shown in Example 1.3.1.

Example 1.3.1. Let us take a 2 x 2 block triangular linear system

6 e)()=0)

(Again, diagonal blocks are square and all dimensions are compatible.)

Ax + B e _ _ _
( Cy y>:(f> — y=C"'f,x=A""(e— BC™'f)

A B! [(A' —A-lBC-!
0 C L0 c1
Informal idea: we can start solving from the variables multiplied by C.

1.4 Orthogonality

Definition 1.4.1 (Norms). Let x € R™. We “measure” its magnitude using
so-called “norms”.

n
EUCLIDEAN: |[x|, =xTx = [ > 2;%;
i=1
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n
NorMm 1: (x|, = > |ail;

i=1

n 1/p
p-NORM: [x|, = ( Z|xl|p> ;
i=1

0-NoRrM: ||x[|, = [{i : |zi| > 0}|, which accounts for n — #of 0 entries;

oo-NORM: [|x|| = i:nllaxn\a:i\.

yeeey

From now on in this part of the course, if not explicitly specified, we will
refer to norm-2 only.

Definition 1.4.2 (Scalar product). Let v,w € R" we term standard scalar

n
product between v and w the real number vi'w = > vjw;.
i=1

Definition 1.4.3 (Orthogonal vectors). Let v,w € R". We say that v is
orthogonal to w (in symbols v_Lw) if their scalar product is zero.
Formally, viw = 0.

Definition 1.4.4 (Orthogonal matrix). Let U € M (n,R) a square matriz. We
term U orthogonal if UTU = UU"T = I,, where I,, is the identity matriz of size
n (1 on the diagonal, 0 elsewhere) or equivalently if U=t = UT.

The set of all orthogonal matrices in M(n,R) is a group and it called orthog-
onal group and denotes as O(n,R).

Fact 1.4.1. Let U € O(n,R), Vx € R"™ we have that |Ux|| = ||x]|.
Proof. Let us provide two different alternatives for proving the equality:

1.

|Ux]| = \/(Ux)TUx = VXTUTUx = /xTI,x = VxTx = ||x]|
where &£ follows from the definition of transpose of a product.

2. Instead of proving that ||Ux|| = ||x|| we will prove ||Ux]|* = ||x]|*:
1Ux|*> = (Ux)" - (Ux) ExTUTUx = x" I,z = x"x = |||

where &€ follows from the definition of transpose of a product.

O

Geometrically speaking, orthogonal transformations (aka matrices) pre-
serve the norm, so an orthogonal matrix U represents a symmetry or a rotation
and these operations do not alter the size of vectors.
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FIGURE 1.6: Matrix U; represents a rotation, while Uz is a symmetry operation.

Definition 1.4.5 (Orthonormality). Let x,y € R™ we say that x and y are
orthonormal if they are orthogonal and have norm 1. Formally, < x,y >= 0
and ||x|| = [ly]| = 1.

Fact 1.4.2. Let us take U € O(n,R). Then its columns U, U?, ..., U™ are
orthonormal and the same holds for its rows.

UiTUj{lifi:j

0 otherwise

and

o -y

0 otherwise

Fact 1.4.3. The set of orthogonal matrices is closed under product operations.
Let U,V € O(n,R), then U -V is orthogonal.

Proof. (UV)" - (UV) =VTUTUV =VTLV =VTV =1, O

Since we will often deal with tall-thin rectangular matrices with orthonormal
columns as U,

Uy=(U" U? --- U") e M(m,n,R)where m >n
the following fact may come in handy

Fact 1.4.4. YU, € M(m,n,R) where M > n and the columns of Uy are
orthogonal 3Us € M (m,m —n,R) s.t. (Uy Usz) € O(m,R).

1.5 Eigenvalues / Eigenvectors

Definition 1.5.1 (Eigenvectors and eigenvalues). Let A € M(n,R) and let
x#0eR" and A € R.

If Ax = Ax we say that x is an eigenvector of eigenvalue ).

Theorem 1.5.1. Let A € T(n,R) (real triangular matriz). The eigenvalues of
A are the scalars on the diagonal.
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Definition 1.5.2 (Diagonalizable matrix). Some matrices A € M(n,R) under

some conditions can be decomposed as:

A=VAV!

)\1 O Wi

A2 W2

0

A=VAV =Vl v2 ... y»

An Wn

‘where V' € GL(n,R) is the matriz that has as columns the eigenvectors of A
(Vi) Vi=1,...,n and w; = V; ' are the rows of the inverse of matriz V.

Fact 1.5.2. YV € R" eigenvectors of A they are still eigenvector of the diago-

nalized form of A= VAV ™!

Proof.
AV = VAV VI = VAe, = \, VP

Another way to see the diagonalized form of A is the following:

A= VAV71 = Z’Ul/\l’sz =
i=1

vy |- )\1 . WlT + | ve |- )\2 . WgT G-+ | Vn |- )\n

Wn

Og Something on Matlab ...

Notice that in Matlab the eigenvalues and eigenvectors of a matrix are
computed using the command [V, Lambda] = eig(U) and this operation
has a computational complexity of O(n?).

A - VxLambda*inv(V) or norm(A - V*Lambda*inv(V)) (both should be
close to zero).

We can check that the matrix A is equal to the decomposition in this way:

Notice that not all matrices A € M(n,R) allow a diagonal decomposition. It
may happen that such a matrix A is diagonalizable in C and its eigenvalues are

complex.
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This decomposition tell us the behavior under repeated application of a matrix
A to a vector x. This process allows to scale a general vector x.

1+
O.; Something on Matlab ...

Let A=1[11; 1 1] and x = [ 1 1 ] such that A\y = 2 then A*x is
equal to [2 2]’ and A*A*x is equal to [4 4]’

Fact 1.5.3. If A € M(n,R) is diagonalizable (aka may be written as A =
VAVL) then Akx = 3" A\ra; V¥, for some a; € R.
i=1

Proof. Let us write x in the base of R™ made of the linearly independent columns
of V:

x=Va; + V%as+ -+ V",

for some «o; € R.

e ALGEBRAIC VIEW POINT:

Ax=A- (Vi + Va0 4 -+ V")
=AV'ia) + AV2as + - + AV,
=MV + AV%as 4+ 4+ AV,
=V Aa1) + V(Do) + - 4+ V' (\ay)

(1.5.1)

Then

A%z =A- (V1(>\1a1) FV2(gan) + -+ V"()\nan))
= AV1>\1041 + AV2>\2012 + -+ AV N o (152)
= M2V + 22V 2%a0 + - 4+ ANV,

The thesis follows inductively.
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¢ LINEAR ALGEBRA VIEW POINT:
AfFx=A-A-...-A-x
= VAV VAT YAV x

= VAPV 1x
AR
A" »
=V Vox (1.5.3)
A k
/\1k aq
/\2’c (6%)]
P an,
O

Notice that if A is not square, Av, Av have different sizes and it doesn’t
make sense to talk about eigenvalues.

1.5.1 Eigenvector: what could possibly go wrong?

1. The eigenvalue decomposition is highly non-unique, we can:

¢ Reorder eigenvalues/vectors
e Replace an eigenvector v; with 2v; , 3.5v; ...

o For matrices with repeated eigenvalues we have even more possibilities:
e.g I = VIV~ for every invertible V

2. some matrices have only complex eigenvalues: e.g. <_23 g)

3. some matrices have fewer eigenvectors than we want and we can’t use

. - 11
eigenvalue decomposition: e.g. 0 1

Now, thanks to the eigenvalue decomposition we can prove the following:

Theorem 1.5.4. Let A€ M(n,R). If |\;| < 1 for all eigenvalues \; of A then
lim AFx =0, ¥x € R".

k—o0

Theorem 1.5.5. Let A € M(n,R). If V\; eigenvalues of A |\;| < |A\1] then
AFx =~ VIxFaq, Vx € R™.
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Fact 1.5.6. Let A € M(n,R) be a diagonalizable matriz and let

)\1 w1
A2 w2
A=VAV =Vl vz ... y»

An W,

Let us now consider a reordering of V'’s columns and apply the same permu-
tation to the “diagonal vector” of A such that

A2
At

V=[Vv2 vl v3... v*| and A= As
An

A can be diagonalized through such Vand A as A=VAV-1 = VAV
Moreover, in the case of repeated eigenvalues

Fact 1.5.7. Let A € M(n,R) a diagonalizable matriz such that A = VAV~
where \y = Ao (without loss of generality). Then V can be replaced by V =

VIV vi-v2 o v3 oy

Theorem 1.5.8 (Spectral theorem). Any real, symmetric matriz is diagonaliz-
able. Formally, let A € S(n,R). Then A is diagonalizable A = UAU ™, where
etgenvalues are all real numbers and we can take U orthogonal matriz.

Notice that for symmetric matrices none of the “unlucky” situations enumer-
ated above may happen (it is justified by the spectral theorem).

Og Something on Matlab ...

If we have any symmetric matrix B and we compute [V, D] = eig(B),
matlab will always return an orthogonal matrix V.

Definition 1.5.3 (Quadratic form). Let Q € S(n,R) we define quadratic
form

flx) =x"Qx

for each x € R™.
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Geometrically, a quadratic form defines a paraboloid.

Example 1.5.1. Let fﬂ(i;)) = (xl xg) (g Z) (i;) = 3212 +4z xo+4z9°

3 2
and let f2(<2>) = (ml .’132) <2 _4> (2) = 3212 + dx129 — 4292

For a graphic hint see Figure 1.7.

N - .
width4 o
wdth3@/
. ‘
(b) fa(x)

(a) f1(z)

Fi1GURE 1.7: The plot of functions.

Theorem 1.5.9 (Variational characterization). Let Q € S(n,R) and let x € R™.
Then

AminlX[)* < xTQx < Appaa||x|)?

where Apmaz and Apin are respectively the eigenvalue of maximum value and the
eigenvalue of minimum value.

Proof. EASY CASE WITH () DIAGONAL:

A2
A1

xTQx =xT. A3 X = M2 dozo 4 A A2
An
It is obvious that this sum is bounded by:

)\min'(x12+x22+' : +xn2) é )\1%124')\21'22"_’ : +)\nxn2 é )\max'(m12+x22+' : +xn2)

The following holds: Amin- (212 +22%2+ -+ 242) = Amin XL X = Amin - ||xH2
and, on the other hand, Apax - (212 + 222 + -+ + 2,2) = Apax - X' X =
Amax - ||x]|* and this proves the fact in the special case of diagonal matrix



26CHAPTER 1. MATHEMATICAL BACKGROUND FOR NUMERICAL METHODS

GENERAL CASE: Let us represent () through its eigendecomposition: A =
UAU~! = UAUT, where U is an orthogonal matrix.

xTQx =xTUAUTx @ yT Ay

where & is due to the change of variable y = UTx (that implies y” = x7U).

By the same argument used in the diagonal case,
2 2
Amin - [IY]7 < y7AY < A - [y

Now the point is that if we can replace HUTXH2 = |ly||* with [|x]|* we have
proved the theorem. In fact this is true, due to the orthogonality of matrix
U and Proposition 1.4.1.

O

Corollary 1.5.10. Let Q € S(n,R) and let x € R"™. Ifx#0

where Apmaz and Ay, are respectively the eigenvalue of mazximum value and the
etgenvalue of minimum value.

Definition 1.5.4 (Positive semidefinite). Let Q € S(n,R). We say that Q is
positive semidefinite (and we indicate = 0) if

xTQx >0, for any ||x||> >0

Definition 1.5.5 (Positive definite). Let Q € S(n,R). We say that Q is
positive definite (and we indicate > 0) if

xTQx > 0, for any HX||2 >0
Fact 1.5.11. Let Q € S(n,R). The following holds
Q is positive semidefinite <= Y\ eigenvalue of @ A > 0

And this holds with the > 0 in the positive definite case.
Proof.

(<) xTQx > Auml|/x[|> > 0 since we are in the hypothesis that all the
eigenvalues are > 0

(=) Vvj eigenvector of Q 0 < v;TQvi = vil - (\ivi) = \ivil vy = )\i||viH2 =
A > 0. O

Corollary 1.5.12. Let Q € S(n,R) such that Q = 0. The following holds:

Q is invertible <= Q is strictly positive definite
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Fact 1.5.13. Let B € M(m,n,R) (possibly rectangular), BT B € S(n,R) is a
valid product and it is a square, symmetric, positive semidefinite matrix.

Proof. SymmeTRY: (BTB)" = BT . (BT)" = BTB.

PoSITIVE DEFINITE: x BT Bx = (Bx)" (Bx) = | Bx|*> > 0
O

Corollary 1.5.14. The same holds for BBT € S(m,R) and it is easily proved
taking C = BT € M(n,m,R).

Og Something on Matlab ...

In order to check if a matrix A is positive definite in Matlab we can look
at its eigenvalues (cfr. eig(4)).

Notice that in the complex case most of these properties work as well, but
it is needed to replace AT with AT# (transpose and entrywise conjugate).
The norm of a complex vector is computed as

Ix]|3 = x*x = Tra1 + Towz + - + Ty = |o1]” + - + |z, [* € RT U {0}

Moreover, in the complex case, a matrix U € M(n,C) s.t. UU* = I is called
unitary matrix (orthogonal + complex)

1.6 Singular value decomposition (SVD)

We are left with the task of reaching a (sort of) “eigenvalue decomposition” when
the target matrix is not symmetric.

There are two ways to generalize the eigenvalue decomposition to a non-symmetric
matrix A (with something that always exists):

Definition 1.6.1 (Schur decomposition). Let A € M(n,R), 3 U € O(n,R)
orthogonal matriz and T € T(n,R) triangular matriz such that A = UTUT and
this is called Schur decomposition.

We can say more:

Definition 1.6.2 (Singular value decomposition). Let A € M(n,R), 3 U,V €
M(n,R) orthogonal matrices (V not necessary equal to U) and ¥ € Diag(n,R)
such that A = UXVT and this is called Singular Value Decomposition.

g1 Vi
o) Va n
A= (Ul Uz - Un) ) . 1| = ZUiiUiUii =
: : i=1
On Va

1Often denoted with A* or A and called Hermitian matrix.
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Where o; are called singular values and they are sorted such that:
01202220, 20
General fact on singular values:

o Singular values # eigenvalues

o They are always positive and usually more spread apart than the eigenvalues.
01 Z |)\1| and |)\n‘ Z On

o1 is larger than the largest eigenvalue of a matrix A and o, is smaller
than the smallest eigenvalue of a matriz A.

The SVD can be defined also for a rectangular matrix A:

Definition 1.6.3 (Rectangular matrices and SVD). Let A € M(m,n,R), there
exist U € O(m,R) orthogonal, V € O(n,R) orthogonal and ¥ € D(m,n,R)
diagonal in the sense that 3 ,; = 0 with i # j (padded with zeros). Matriz A has
a SVD factorization (A =UXVT), where S has the following shape:

e casem <n (e.gm=3,n=>5)

opr 0 0 0O
0 oo 0 0 O
0 0 o3 0 O
e casem >n (e.gm=>5mn=3)

g1 0 0

0 g9 0

0 0 g3

0 0 0

0 0 O

Definition 1.6.4 (Thin SVD). Let A € M(m,n,R), has a thin SVD factor-
ization: we may restrict to compute only the first min(m, n) vectors that appear
in this sum: thin SVD.

7 min(m,n)

A= E U303V = U1101V11 + U2202V22 + - - + U 707 Va7
i=1

Og Something on Matlab ...

In Matlab the SVD decomposition is obtained through the command
svd (A), which return value is made of the three matrices U, %, V.

As an example, [U, S, V] = svd(A). Notice that, if svd(A) is assigned
to one variable, then such variable is an array of singular values.

The thin SVD can be computed as:[U, S, V] = svd(A, 0)
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Computational costs
We are not going into details of algorithms for computing SVD, but we would like
to add a consideration about the computational complexity of such an algorithm.

e [U, S, V] = svd(A, 0) (thin) costs O(mn?) ops for A € M(m,n,R) or
A€ M(n,m,R) with m >n

e [U, S, V] = svd(A) (non-thin) is more expensive, because it has to store
the large m x m factor. (But there are some tricks to store orthogonal
matrices compactly, more about it later).

1.6.1 Properties of SVD

The SVD reveals rank, image, and kernel of a matrix.

Definition 1.6.5 (Rank). Let A € M(n,R) we call the rank of A the number
of non-zero singular values.
FEquivalently, the rank is the size of the column space.

Property 1.6.1. A matrix A € M(n,R) has rank r iff all its singular values
starting from the r + 1-th are 0, formally iff o1 > 00> - >0, > 011 =+ =
o, = 0.

Thanks to Property 1.6.1, we can somehow talk about an “even thinner”
SVD, where all the Os in the bottom right part of the matrix X, cancel out the
latter columns of U and the latter rows of V' (aka columns of VT). A pictorial
representation of the shape of ¥ can be found below.

01
g2

Oy

0

s
This factorization represents A as > w;;0;0;;.
i=1

Fact 1.6.2. Let A € M(n,R) such that has the following SVD-factorization
A =UXVT with U € O(n,R) orthogonal, V€ O(n,R) orthogonal and ¥ €
D(n,R) is a diagonal matriz. The image of A is the span of Uy, Us, ..., U,
hence rk(A) = r. Moreover, ker(A) = span(Viy1, Viga, ..., Vo), since V is
orthogonal.
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Proof.

O

Definition 1.6.6 (Matrix norm). Let A € M (m,n,R). We define the matriz
norm of A as

A
[|A]| := max A =
x£0 x|z s.t|z]=1

[ Az]|

Where the norm may be any of the ones defined in Definition 1.4.1 second
equality is introduced in order to work in a compact set, the one of normalized
vectors z.

Property 1.6.3. Let A and B € M(n,m,R) and let x € R"™, the following
holds, for any norm defined in Definition 1.4.1:

o ||A|l >0 (and the equality holds iff A =0);

o feAl = lell|All, Vo € R;

o A+ Bl < ||All+BJl:

o [AB| < [IA[l || BII;

o A < JAJ Il vx € R
Fact 1.6.4. Let A € (n,R) and let U € O(m,n,R) orthogonal, in the case of
2-norm [|Ally 2 | AU, = U Al

Proof.
o)

UAx
Al = __max 102Xl
x€R™, x£0  ||x||5

(UAx)T (U Ax)
max
XER™, x#0 ||X||2

V xTAT]JZ(,U/Ax
= max

xER™, x#£0 [1x][5
_ Ax],
xeR™, x£0 ||x]|,

= [l Al

AU
AUl = max 10Xl
XER™, x#0 ||X||2

(;) ||AY||2 — ”AH
yer", y20 |[lyll, ?

where £ follows from the substitution y =Ux. O
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Definition 1.6.7 (Frobenius norm). Let A € M(n,m,R), we term Frobenius

norm of A A, = [ 3 (4),,%

i=1j=1

Notice that all the properties enumerated in Property 1.6.3 hold for the
Frobenius norm as well.

Fact 1.6.5. Let A € M(n,m,R) and let A = USVT be its singular value
decomposition. The following holds:

LAl = 1%y = on

2. Allp=12llp= > 0;2, where i = min (n, m)

1=1

Proof. 1. The first equality follows from Proposition 1.6.4, while the second
is proved as follows:

01
T1

T2

02

On .
n
I=x|, 0

xeR™, x#0 HX||2 xeR™, x#0 T

HZHQ =

€2

Ln

0171

022

OnZn

0 Vo + (a2 + -+ (a2)?
ax 2 _

m. =
zER™, x#£0 T \/.’E12 +1~22 ++xn2
T2

xn 2

< \/(0’11‘1)2 + (O'1l‘2)2 + -+ (len)Q 9 \/l‘ 2 ..._|_3;n2
= \/O . =0
B Vo2 + a2+ 1 1 Va2 e 1

(1.6.1)
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1

0
The equality is achieved if we pick x =e; =

0
2. The proof of this assertion is similar to the other and it is left to the reader.
O

Theorem 1.6.6 (Eckart-Young). Let A € M(n,m,R) and let A =UXV7T be
its singular value decomposition.
The solution of k{r)lgzk |A — X|| is given by the truncated SVD:

g1 Vl
g9 V2
X:(Ul Uz ... U’C). .

Ok Vk
Where the norm is both ||-||y and ||| &

Fact 1.6.7. Let A € M(n,R) and let A be invertible. The following holds:
A= = 5

Proof. Since A is invertible, none of the o; is 0, hence the smaller (namely o,,)
is not 0.

A = (UsyT) T QyT T ig- gl oy = U

Where £ follows from the orthogonlaity of V and U.

Notice that this is almost an SVD, because the values on the diagonal are
not sorted in a decreasing order.

Plugging in the norm, we have:

1 1

[ea [ea
| |

la7H = |V " Ut = " -

On On

Example 1.6.1. For example, given a certain image, that can be represented as
a matriz of values in the range [0,255], the rank-1 SVD of such image, results in
a very abstract picture, see Figure 1.8. The more we increase the rank, the better
is the similarity of the approximated image with respect to the original one.
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1+
Qc. Something on Matlab ...

Given a certain matrix A, we can compute the SVD decomposition using
the command [U, S, V] = svd(A)

(c) Rank 5 (d) Full rank

FI1GURE 1.8: How the approximation of a matrix changes with respect to the different
ranks.

Definition 1.6.8 (Principal component analysis). Given a matriz A, we term
principal component analysis the analysis of features of such matrix via the
rows and columns of U and V respectively, where U and V' are the matrices of
the SVD decomposition.
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Chapter 2

Least Squares Problem

2.1 LSP: the task

Q Do you recall?

In Definition 1.3.2 we said that for A € M(n,m,R), b € R™ and x € R™,
the least squares problem is the following:

min [|Ax — b]|
x€R™

In this chapter we are going to present three different methods for solving
the LS problem, that are:

e Normal Equations (direct method);
o QR Factorization (iterative method);

e SVD Factorization (iterative method).

2.2 NE direct method

2.2.1 Background

Fact 2.2.1. Given A € M(m,n,R) the following conditions are equivalent:
o AT A is positive definite;
o A has full column rank;
e the columns of A are linearly independent;

o Ker(A)={0}.

35
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Fact 2.2.2. Let A € M(m,n,R), s.t. Q = ATA € M(n,R) is positive
semidefinite. The quadratic function f(x) =x7Qx — qTx + bTb is strongly
(or strictly) convex. In other words, f(x) has a unique minimum.

Fact 2.2.3. Let A € M(m,n,R), s.t. Q = ATA € M(n,R) is positive
semidefinite. The quadratic function f(x) = xTQx — qx + bbb has gradient

Vf(x) =247 Ax — 24"b

Proof. We know that f(x +h) = f(x) + (Vf(x))" -h+o(||h]])

f(x+h)=(x+h)"ATA(x +h) — 2bT7A(x + h) + bTb

=xTAT Ax + + +h"AT Ah—2bTAx — 2b7Ah + bTb
= f(x) +( —2b" Ah) + o(|[h|)
= f(%) + (247 Ax — 247b) " h + o(||h|)
(2.2.1)
So, Vf(x) = 2AT Ax — 2ATb O

We would like to know when the gradient is 0.

Fact 2.2.4. Let A €¢ M(m,n,R), s.t. Q = ATA € M(n,R) is positive
semidefinite. The quadratic function f(x) =x7Qx —q”x+b”b has a unique
minimum in

x = (ATA)7' (A7)

o
Proof. Vf(x) =0 <= AT Ax = ATb Since AT A is a square matrix and also
non singular (which means invertible) we may find x by solving a linear system

a1 = (ATA)"'(ATD). O

2.2.2 The closed formula

The theory exposed in the previous section comes in handy after some algebra
on the least squares problem:

min ||Ax — b|| = min |Ax — b||* = min (4x — b)” - (Ax — b)
xeR™ xeR™

xeR”

= m]iRn xTATAx — xTA™b —bTAx + b’b
xecR™

= m]igl xTAT Ax — 2bT"ATx +b"b
xeR™

*
= min x7Qx —q’x+b’b
xeR™

*
where = follows from the substitutions Q = AT A and q7 = 2bT A.
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Therefore
LSP: closed formula

A solution to the least squares problem

min ||Ax — b||
x€ER™

is given by

x = (ATA) "' ATb

Notice that, independently of the shape of A, the matrix () is a square matrix.
The algorithm for computing x follows the steps:

o Compute AT A, where the complexity is 2mn?, where m > n;
« Compute A”b, that has a complexity of 2mmn;
e Solve AT Ax = ATb, which complexity depends on the algorithm.
Fact 2.2.5. Let A€ M(n,m,R),b € R™ and let the least squares problem be

min ||Ax — b||
xeR™

The residual Ax — b is orthogonal to any vector v € span(A). Formally,
(Av)T(Ax —b) =0
Proof. vI' (AT Ax — ATb) = 0. O
Definition 2.2.1 (Moore-Penrose pseudoinverse). Let A be a matriz in M(n, m,R).
e if A has full column rank, the Moore-Penrose pseudoinverse of A is
Al = (ATA) ' AT
e if A has full row rank, the Moore-Penrose pseudoinverse of A is
Af = AT(A44T)!

Thanks to this definition, we can rewrite the solution of a LS problem as
x = Afb.

Notice that the solution of min ||Ax — (by 4+ bs)|| can be written as the sum
of two solutions of min ||Ax; — b1]|| and min ||Axz — ba||.

Fact 2.2.6. Let A be a matriz in M(n,m,R).
e if A has full column rank, the Moore-Penrose pseudoinverse is a left-inverse
of A: ATA=1
e if A has full row rank, the Moore-Penrose pseudoinverse is a right-inverse
of A: AAT =T

Let us study a different kind of methods for solving the least squares problem,
namely factorization methods, that reveal properties of matrices and can be
used as intermediate steps in algorithms.
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2.3 QR Factorization

2.3.1 Background

Theorem 2.3.1 (QR factorization). VA € M(m,R), 3Q € O(m,R), 3R €
T (m,R) upper triangular such that A = QR.

Fact 2.3.2. Let A € M(n,m,R),b € R™. A solution to the least squares
problem

(P) [Ax — b

min
xeR™
can be computed as follows:

1. first compute the QR factorization (A = QR) and then obtain x = A~'b =

R'Q7'b

2. compute then ¢ = Qb

3. and then x = R~ 'c
And the computational cost is expressed as:

1. QR — O(m?)

2. compute ¢ — O(m?)

3. compute x — O(m?)

Definition 2.3.1 (Housholder reflector). Let v € R™. An Householder re-
flector is a matric H € M (m,R) such that

2 T

Equivalently, since viv = ||v||* € R

where vectv, = ﬁv.

Lemma 2.3.3. Householder reflectors are orthogonal.

Proof.
2 2
T=- s w) (I——5 v
vl (vl
2 T 2 T 2 T 2 T
= - 2 - 2" 7" VV - 2
[[vI] vl INgl vl
2 2 4
= f—2~vaf 5" Ty 4~vava
vl vl vl
4 4
=1- vvl 4+ v|[v|]*vT
2 1
gl vl

=1
(2.3.1)
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O

Corollary 2.3.4. The Householder reflector is Hermitian (symmetric, in the
real case), unitary and involutory. Formally,

H=H"'=H"

Notice that geometrically, an Householder reflector identifies an hyperplane and
reflects any vector with respect to such hyperplane. See Figure 2.1

FIGURE 2.1: Reflection with respect to the hyperplane.

Example 2.3.1. Let us be given the problem of computing the product Hx for
H e M(m,R) and x € R™.

2 2
Hx=(I-—5vwh)x=x—- ——5v(v'x)
gl vl

T T

Let us first compute a = v*' - x, then b =v*' -v. We are now ready to compute

the result y = XQ*T‘I Y
All these operations are linear operations, so the complexity is O(m), cheaper

than generic matriz-vector product (O(m?)).

At this point, we are interested in finding an Householder reflector H that
maps X to y, formally Hx =y (Figure 2.2).

Lemma 2.3.5. ¥x,y € R™ s.t ||x||= |lyl|3H € M(m,R) s.t. Hx =y, where
the Householder matriz H is obtained from v=x—y € R™.
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FIGURE 2.2: H is the hyperplane that “bisects” the angle between x and y.

x|
0
Example 2.3.2. Let us take 'y = . e R™.
0
I S X1 — S
T2 0 xTo
V=X— y = —_ =
T 0 Ty

where s = ||x||

1+
O.; Something on Matlab ...

In Matlab, a function is defined using the keyword function
and specifying the return parameters, as follows: function[v,s] =
householder_vector (x), where x is the argument.

ALGORITHM 2.3.1 Householder vector Matlab implementation.

1 function[v,s] = householdervector (x)
> s = norm(x);

3 V= X;

4+ v() =v(1) - s;

5 v =v / norm(v);

Notice that the problem of 7?7 is the subtraction may create a problem with
machine numbers, if s and ||x|| are very close. If we take ||x||= —s the subtraction
becomes and addition, and everything works well.
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In the end, we would like to obtain this behaviour for every possible value
for x and s, so line 2 may be modified as s = - sign(x(1)) * norm(x).

2.3.2 TIterative algorithm via Householder’s reflectors

Q Do you recall?

A QR decomposition, also known as a QR factorization or QU fac-
torization, is a decomposition of a matrix A € M (n,R) into a product
A = QR of an orthogonal matrix ) and an upper triangular matrix R.

© Terminology

From now on, for every matrix M € M(n,R) we will denote as M (i :
end, j) the vector taken as the rows from i to n of the j-th column of
matrix M.

x
____ D

a— —
—lslre, Iklle .

FIGURE 2.3: If x is oriented as in the plot it is better if we choose —||x||e1 verse,
because it is opposite to x.

Example 2.3.3. Let us start describing the algorithm through an example: given

X X X X X
X X X X X
A=]x x x x x| &eM(m,R), where m =5, we would like to calculate
X X X X X
X X X X X

the QR factorization of A.
STEP 1 : construct a Householder matriz M € M (m,R)that sends A(:,1) (first
column of A) to a multiple of e1 and keeps the rest of the matriz the same.
X X X X X

Then we have Hy A = Let us write Q1 € M(m,R)

X
X
X
X

X X X X

X
X
X
X

o O o o
X X X X
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as Q1 = Hy.
X
STEP 2 : take Hy € M(m — 1,R) such that HyA(2 : end,2) = 8 and
0
compute:
1 0 0 0 0 1 0 0 0 0 X X X x
0 0
0 x X X
0 H2 Q1A= | H2 0 x> x
X 0 0 x x X
. 0 0 x x X
X X X X X
0 X X %X X
=10 0 x x X
0 0 x x X
0 0 x x Xx
(2.3.2)
let us write Q2 € M(m,R) aé’ablock771@7?7"2'33@2:(ID<1 IS)’QI:HI'
2

X X X X X
0 x x x X
Therefore, we get Q2 -Q1-A=]10 0 x x X
0 0 x x x
0 0 x x X
X
STEP 3 : take Hs € M(m — 2,R) such that H3A(3 : end,3) = | 0 | and we
0
compute:
100 0 O $ X X X %
010 0 0 0 X X X X
Qs (Q:4)= |0 0 0 0 x x x
0 0 H3 0 0 x x X
0 0 x x x
00 (2.3.3)
X X X X X
0 x x x X
=10 0 x Xx X
0 0 0 x x
0 0 0 x x
_(Ix2 O
Where, Q3 = ( 0 Hg) € M(m,R);

X X X X X
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STEP 4 : take Hy € M(m —3,m — 3,R) such that HyA(4 : end, 4) = (E) and

we compute:

1 0 0 0 O X X X X X

01 0 0 O 0 X X X X
Qs (Q3Q2Q:A)= (0 0 1 0 0 x X X

0 0 H, 0 0 0 x x

0 0 0 0 0 x x

(2.34)
X X X X X
0 X X X X
=]1]0 0 x x x|=R
0 0 0 x x
0 0 0 0 x

Where, Q4 = (1353 }? >
4

In the end, since Q;s are an orthogonal matrices and the product of orthogonal

matrices is orthogonal, Q1 - Q2 - Q3 - Q4 A = T, which is an upper triangular
matrix.

Theorem 2.3.6 (Product of block matrices). Let I € M(k,R), let H; € M(m—
k,R) and let B; € M(k,R), C; € M(k,m—k,R) and A; € M(m—k,m—k,R),

then the product between the two following block matrices is exactly the one

showed below.
I 0 . B, C;\ (Bl C;
0 H; 0 A;) \0 H;- A

Proof. 1t’s trivial computation, using the definition of matrix product. O

2.3.3 Matlab implementation

ALGORITHM 2.3.2 First implementation of QR factorization.

1 function [Q, R] = myqr(A)

2 [m, n] = size(h);

3 Q= eye(m);

4+ for j = 1:n

5 v = householder_vector(A(j:end, j));
6 H = eye(length(v)) - 2xvxv';

7 A(j:end,j:end) = H * A(j:end,j:end);
s QC:, j:end) = Q(:, j:end) * H;

9 end

10 R=A;
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Fact 2.3.7. The cost of this implementation when A is a square matriz is
O+ (n—1)> +---+13). If A is a rectangular matriz, then the computational
compleity is O(m -n%+ (m—1)- (n—1)° +---+ (m —n+1)%).

Proof. At line 7 we perform a matrix product between matrices of size n, n — 1,
..., 1, s0 the resulting cost is O(m-n%+(m —1) - (n — 1)*+---+(m —n+1)*).
O

We may design a faster algorithm, since HA; = A; — 2v(vT' A;).

ALGORITHM 2.3.3 More efficient implementation of QR factorization.
function [Q, Al = myqr(A)

[m, n] = size(h);

Q = eye(m);

for j = 1:n-1

[v, s] = householder_vector(A(j:end, j));
A(j,j) = s; A(j+il:end,j) = O;

A(j:end,j+1:end) = A(j:end,j+l:end) - ...
2xv*(v'*A(j:end,j+1l:end));

QC:, j:end) = QC:, j:end) - Q(:,j:end)*v*2*v';
end

© W N e o A W N e

[
(=]

2.3.4 QR factorization for tall-thin A

What if A € M(m,n,R) such that m >> n? Since Q@ € M(m,R) we would
need a lot of space to store it. For this purpose the tall-thin QR factorization
may come in handy.

Fact 2.3.8 (Thin QR factorization). We may replace @ € M(m,R) and R €
M(m,R) with Q1 € M(m,n,R) and R; € M(n,R) and the same factorization
holds: A= QR = Q1Ry. This is called thin QR factorization.

Proof. v € Momn ), A= (@ @ |- () =@ r= (@) (m) +

Q2] (0)=0Q1- Ry O

The Matlab code can be modified computing @ as

1 x X
0 I 1 0 I,

I-2v Va7 0 I-2v oV 5T 0
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In the end, this approach has a computational cost of 2mn? — Zn3+)(mn)
and we have two different scenarios:

1. m = n, then the cost is %n3

2. m >> n, then the cost is linear in m which is the largest dimension

We have two different storing approaches:

1. Return vq,...,vy

2. Store @

There are some libraries that store the v; vectors in the lower part of
matrix R which is upper triangular and has only zeros below the main
diagonal.

2.3.5 QR factorization for LS problem

Q Do you recall?

Let us be given a matrix A € M (m,n,R) and a vector b € R™. We term
least squares problem the problem of minimizing

min ||Ax — b||
x€R™

We may write first the QR factorization of A, so VA € M(m,n,R), 3Q €
O(m,R), AR € M(m,n,R) such that A = QR, where

o=(a @) mar= ()

Fact 2.3.9. Let us be given a matric A € M(m,n,R) and a vector b € R™. A
solution of the minimum problem

min ||Ax — b||
x€R™

s X = Rl_lQlTb.
Proof.
14x = bl| € Q" (Ax — b)|| = [Q"QRx - Q"D

~ - @vl = | () x- (i) ]

[{Rix—@Q:"b
B -Q2"b
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where 2 is due to the orthogonality of Q.

Provided that —Q>”b is constant with respect of x, we can minimize the
norm by picking x such that Rix — Q;”b = 0. Hence, x = R, 'Q,"b. O
Notice that we used the fact that R is invertible, but is that always true?
Lemma 2.3.10. R; is invertible < A has full column rank.

Proof. A has full column rank < AT A is positive definite & AT A is positive
semidefinite and invertible, but A7 A is positive semidefinite, so we only need to
prove its invertibility.

(QRTQR=RTQ"QR = R'R = (R," 0)- (fg) “RT-Ry

we need the quantity R1T - Ry to be invertible and this holds if and only if Ry
and R, T are invertible, or equivalently iff R; is invertible. O

Fact 2.3.11. The cost of solving a LS problem via QR factorization is the
summation of:

1. QR factorization O(mn?)
2.y=Q:1"b

3. x = R 'y = Rix = y. Solving this linear system only takes O(n?)
operations, because we can perform backsubstitution: starting from the
last row Yy, = rpnTy, we can substitute upwards in the system and compute
in each row one single unknown.

Notice that, once the QR factorization has been computed, we can solve multiple
LS problems with the same A by making only little effort.

RlTRl is the Cholesky factorization of AT A.




2.4. SVD FACTORIZATION 47

2.4 SVD Factorization

Q Do you recall?

Tall thin SVD: A matrix A € M(m,n,R) can be written as A = USVT,
where U € O(n,R) is orthogonal, S € M(m,n,R) is a diagonal matrix
and V € O(n,R) is orthogonal as well. In the case of a tall, thin A the
decomposition has the following shape:

ut 2z ... ygm|.s-|viv?...yn

where
g1
02

On

0

And if we denote U; the matrix obtained as the first n columns of U we
have the tall, thin SVD: A=U; - S-VT.

2.4.1 SVD for solving LS problems

Fact 2.4.1. Let us be given a matric A € M(m,n,R) and a vector b € R™. A
solution of the minimum problem

min ||Ax — b||
x€R™

isx =VS~1(U)"b.
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Proof.
|[Ax —b|| = ||[USVTx - b| < Def. of SVD
= ||UT(USVTX -b)|| <« UTis orthogonal
= HSVTX -U TbH + Distributivity 4 orthogonality
= ||Sy7UTbH —y=VTx
T
01 (Ul)Tb
02 Y1 (UQ) b
: Y2 :
= ’ . ' - (Un)Tb
U)o
In ' ( ) (2.4.1)
Yn :
0 (U™ Tb
o1y — (Ul):TFb
02Yo — (UQ) b
=] onyn — (U™ b
—(U"'H)Tb
—(U™"b

Where the first n rows may be assigned to 0 iff y; = — U;Tb (if o; # 0V7), while
the latter m — n do not depend on y.

We compute x as
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x=Vy

+ Orthogonality of V

= Vlyl +V2y2 + -+ VT,

1 1 1
V= WY)'b+ VQU—(U2)Tb eV (UM)b
2 n

01
1

o1

1

o2

O .UT . b

(2.4.2)

U7 b

1

On

where U; comes from the so-called thin SVD: A = (U1 Ug) . (Sl> vt =

Ui S1v7T.

Notice that V.S_; 14T is the pseudoinverse of A: AT = (AT A)~

0

tAT O

Fact 2.4.2. The o; are different from 0 iff A has full column rank.

Proof. A has full column rank

)

AT A is invertible

)

Usvh) (UsvT) = vSTUTUSVT =V - o VT s

invertible

i)

Vi o; # 0, since V' is orthogonal

O

Observation 2.4.1. This lemma also proves that the factorization is also a QR

factorization.
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Oﬁ Something on Matlab ...

svd(A, 0) and qr(A, 0) express that we are only interested in the parts
of the factorization without zeros, in case of a tall, thin matrix A.

We may observe that the computational complexity is O(15 - n?) for square
matrices, while it’s O(m - n?) in the tall, thin case.

2.4.2 Behaviour in case of zeros as singular values

What happens when there are some zeros as singular values?

Q Do you recall?

We may recall that the singular values are sorted on the diagonal in
decreasing order (the largest in top left position). From this assumption,
we may say that if there are some o; = 0 then they are in the bottom
right part of the matrix.

01202220, >0p41=-+=0,=0

Fact 2.4.3. Let us be given a matrix A € M(m,n,R) and a vector b € R™. A
solution of the minimum problem

min ||Ax — b||
xER™

where there are some 0 singular values. The solution is

1 1
x=WH =—WwH b+ + T =W"Tb
01 Or
Proof.
o1Y1 — (Ul)Tb o1Y1 — (Ul)Tb
aays — (U b aays — (U b
O Yy — (U’")Tb . OrlYr — (U’;}Tb
or1yry1 — (U™ b —(U™)"b
| 4x b = | - |
Ontmn — (U™ b —U™)7p
nst Yns1 — (U™ "b ~(U™)'p
Om * Ym — (Um)Tb f(Um)Tb
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No matter what value we choose for y,1 - - - ¥, the norm does not change since
(fuh)b
o1
)’

o2

it’s multiplied by 0. Therefore we get infinite solutions of the formy = | (U")b

Or

X

In order to make the solution unique, we can modify the problem, by taking
the value that minimize the norm:

min 1%l - (P2)
z€arg min(||Az—b]|)
Notice that ||x|| = ||y, because x = Vy. It follows from the expression of y
that the choice that minimizes its norm is y, 41 = -+ =y, = 0. ]
Hence, the solution of P2 is given by
wHe
%)
o2
: 1 1
x=Vy=W' vZ ... v wme | = () =@ ot () =)D
or 01 O
O

For practical purposes, it is crucial to stress that when dealing with
machine precision it might be the case that the singular values from r + 1
to n are non zero, but very small. If the check of o; = 0 fails, Uli, with
1 > r becomes very big. A way to circumvent this problem is to find
the linear dependencies between the columns, as shown in the following
section.

2.4.3 Truncated SVD

In many real world setups first singular components correspond to the most
prominent features of the dataset, while the smallest ones are fine details, noise
or unreliable data due to the issue of machine precision stated above. Note,
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n . iT
though, that in the sum > Vl% the small singular values may have a large
i=1 ¢
impact, because o; is in the denominator.
We can modify the solution to cope with real world data problems:

n TN k T
x = 231 %% La)i ® becomes Xreg = 21 %4 Lg)i b
1= 1=
for a certain k, ignoring small singular values.
Another way to modify the problem is the following.

2.4.4 Tikhonov’s regularization / ridge regression
The Tikhonov regularization is a smoother version of truncated SVD.
. 2 2|12
xrik = arg min ||Ax —b||” 4 o”|x||
x€R™

Fact 2.4.4. The Tikhonov regularization is equivalent to

2

. A b
XT%:aurg){relﬁkr}z (OJ)X— <0) (2.4.3)
Proof.
|Ax = b||* + o - [[x]* = [|Ax — b||* + [|ax]|?
_|fAx—Db 2
o ax
_(Ax\ (Db 2
T [\ax 0
Ay, (|
“\ar)* 0
O

Fact 2.4.5. The solution of the Tikhonov reqularization is given by the formula
xrir = (ATA + o2I) "' ATb.

Proof. Let us write the explicit solution of Equation (2.4.3) using the pseudoin-

o= (3) ()= () () () )
(o e () e ()

= (ATA+o2I) " ATb.

Fact 2.4.6. The matriz (AT A + o21) is positive definite.
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Proof. Let us take z € (R\{0})"
27 (ATA+ 1) - 2=2"TATAz>0+ o2z
—_— ——
—a2([x]?>0
where zT AT Az > 0 holds since ATA > 0. O

Fact 2.4.7. Let us be given a matriv A € M(m,n,R) and a vector b € R™.
Tikhonov’s solution of the minimum problem

min ||Ax — b||
x€R™

can be written as
n

. ag; T
X Tik = Zvlm((]l) b.
i=1 g

where o;, Yi =1,...,m are the singular values of A.

Notice that, if we denote f: R — R s.t. f(0) = 5

ql-

o if 0> «, then f(0) =
o if o <, then f(o) ~ %

This behaviour simulates the truncated SVD, as shown in Figure 2.4.

/
QookS GRe /><

wha, Xo>X

Loks Gike fzmo whew X <EX

FIGURE 2.4: Here is the shape of the formula for the singular values.

In practice, the value « (or k) is chosen as the “amount of noise” expected in
our data, meaning that all the o values that are dropped are those which have
an absolute value smaller than the noise.

2.5 LSP: wrap up

So far, we presented three methods for solving a least squares problem in addition
to the classical gradient method descent. Let us now compare the performances:
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Normal Equations QR SVD GD
man §n3 %n3 ~13n3 77
m>n mn? 2mn?2 2mn?2 77

TABLE 2.1: Comparison between algorithms for solving LS problem

According to this table, one could ask himself why to choose SVD, since for the
almost square case it is much slower than the other methods. The answer is that
it works much better, providing much more information in the singular case.
Moreover, since the direct Normal Equations method is always the fastest
why did we need to build the other models? In the case of an “almost singular”

matrix A, the result is very far from the optimum. An example of such a matrix
Ae M(n,3,R) is

A=|v1 vy vi+va+tece,



Chapter 3

Conditioning And Stability

3.1 Conditioning

Definition 3.1.1 (Sensitivity). We call sensitivity the measure of how much
the output of a problem changes when we perturb its input.

Example 3.1.1. As an example, let:
1. f: R — R such that f(z,y) =z + 2y
2. g: R — R such that g(x) = 22
Let us make some perturbations of the parameters of f and g:

1. (f,z):
v=f(Zy —flz,y) =x+0+2y—(x+2y)=9§

(fv):
v=f(z,y) — flz,y) =2+ 2(y+9) — (x +2y) = 26.
We can conclude that f is more sensitive to y than to x.
2. (g,x):
v=f@)—f(z) = (x+0)°—2? = 2> +202+6%—2> = 262+6% = 20x+0(0)
A real life example of very sensitive function is the temperature of water

coming from the shower: in particular, when we rotate little the knob the water
becomes too cold or too hot very fast, see Figure 3.5.

Definition 3.1.2 (Absolute condition measure). The absolute condition
number of a univariate function f: R — R is the maximum possible output
change / input change ratio in the limit for a small change of the input.

Kabs(f,x) = lim sup M

€20 3_g|<e |T — x|

%)
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\u\w
how.

FI1GURE 3.1: Geometric idea of temperature of the water in the shower

Equivalently, we term condition number of the problem f : R — R s.t.
y = f(x) with respect to an input x as the best bound of the form

|f(z+6) = f(z)| < Kld] + 0(d)
~—~
higher order terms

Or, equivalently, if f is differentiable,

0
Kabs (.fa l‘) = é
Example 3.1.2. Let us proceed further with the previous example:

1. Kaps(fyx): 5

0

Kfabs(fax) 51—% |(S|
Habs(f» y) | 6|

2

Kabs (f,y) = }%W =2

We can conclude that f is more sensitive to y than to x.

2. Kaps(g,x):

o |226 + 62
Kabs(gvx) = %1_% ’kﬂ‘ =2z

Definition 3.1.3 (Absolute condition measure - multivariate). The absolute
condition number of a multivariate function f : R™ — R is the mazximum
possible output change / input change ratio in the limit for a small change of

the input.
Kabs(f, %) = lim sup M
050 q<s  IFR—x]]

Equivalently, if f is differentiable,

rabs (f, %) = [[VF ()]
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Example 3.1.3. Let f(z) = 27 Qx, for instance for x € R? so that we can plot
its graph in R3.

e c— A,
5\0\»1/' Syome

,@@wo%wk

FIGURE 3.2: Paraboloid

We shall take a general example where the cross-section are ellipses, so that
there is a direction of faster and slower ascent; this is not just a circular “cup”
seen in perspective. Note that these directions of faster ascent and lower ascent
correspond to the eigenvectors of the matriz Q.

In this case the absolute condition number is lim max fle) =) , and

=05en@e  ||7—||
one can see that the output/input ratio varies with the direction in which T is,
so we have to take a maximum in the whole ball B(x,¢).

| X=O
3 o)

FIGURE 3.3: Level curves of a quadratic function (“seen from above”).

z

T2

) =x1+ x2.
2

Example 3.1.4. Let f : R? — R such that f((?)) =(1 1) (

f(X—i—d)—f(X):(1‘1+5)+(1‘2+(5)—($1+$2)225
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et d) - 28
Jm d]] = lim N V2

()

fx+d) = f(x) = (21 40) + (w2 + ) — (21 + x9) =20

o 16+ @) = £GO)

0
550 Id]] = {m N 0

« general direction d € R?

IFGe+d) = fEI = [[(1 1) (x+d) = (1 1)x]]

I
I Daf< i H-ldl=v2id]

Since we found a direction d = 6 (1

1) that matches the upper bound of the

conditioning, we get that kqps = /2.

In general, whenever we are computing a change of something, it is better to
normalize it to the value of the change.

Definition 3.1.4 (Relative error). The relative error of an approximation X
to a quantity X is the quantity

Definition 3.1.5 (Relative condition number). The relative condition num-
ber of a function f:R"™ — R is defined as

3 L3
. N )
) = iy p | e = ral g
Tl = x

where X = x +d. With respect to the absolute condition number, we replaced the
absolute error ||X — x|| with the relative error.

Here are some examples of good and bad accuracy:

|Z—=|
E
magnitude.

~ 1: very bad accuracy; it’s just a number with the same order of

|&—=|
|]

~ 1073: about 3 correct significant digits.

F—zx|

E 107'6: about 16 correct digits; we can’t do better typically
(with double precision arithmetic).
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3.1.1 Conditioning of linear systems

Q Do you recall?

Let A € M(n,m,R) and let b € R”. A linear system expresses the
problem of finding x € R™ such that

Ax=Db

Computing the condition number of a linear system means computing the
condition number of the function f(A,b) = A~!b, perturbing the inputs A and
b, one at a time.

Ab)—f(Ab
PERTURBING b We want to compute the limit of the relative error | LASEEL A )H

- 1f(Ab)] ’
so we set x = A7 'b and X = A~ 'b, and we estimate output error =
=] _,

[Ix]] :
1. N
1% — x|| = HA*lb - A*le
=47 @ -
=AY Ib+d-b
=7 - lid]
2. [[bl| = [|Ax[| < [lA]l - fIx]
At this point we are ready to make the whole computation:
Ix —x|| A~ - ld] . Id
< = A . A . —_—
R i S A 5
[IA] Krell 1) N
rel. out. change ’ rel. in. change
e i o] -
In the end, since input error = wr We obtain

. output error . _ _
wrai(fo) = i 2 < T AT 1A = a7 -jal

We denote r(A) = ||A7Y|| - ||A|| the condition number of A4;

PERTURBING A Given Ax = b we obtain (A + A4) - (x + Ax) = b, where
A=A+ A, and X = x + Ax. Then we can expand as follows

A+ AL X+ A Ay +AL-A, =8
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We can stop taking into account A 4 - Ay, since it’s a sort of second order
term (Aa - Ax = o(J]A4ll - [|Ax]])), so we get the following

Ag-x+A-Ax=0

Ay=-A"1 Ay x

then || A < [|A72]| - A4l [Ix], which implies L=l < [|4=1]|. I3al.

[E3

We obtain that relative output error < k(A) - relative input error.

We only proved an inequality, but it turns out that it is tight: for every A and
b there is a possible choice of the perturbation X that attains equality.

. Terminology

We call ill-conditioned problems, those which have a high condition
number. Conversely, we term well-conditioned problems those which
have a small condition number.

Condition number, SVD, and distance to singularity

Fact 3.1.1. Let A € M(n,m,R). The conditioning of A (k(A)) is the ratio
between the smallest and the largest singular value. Formally, k(A) = g—i

Proof. Let A=USVT, then ||[A|| = ||U-S5-VT| =S| = o1, since
01
o2

S = ’ and o1 > 09 > - > 0,

On

It’s also true that HA‘1|| = (USV)AH = ||VS_1UT|| = HS‘1|| = 0y, since

S = ' and oy > 09 > -+ > 0y

q
3

In the end k(A) = Hzl‘léllll\ =Z O

Notice that we cannot use the other definition r(A) = || Al [|[A~*
does not exist for a non-square A. However, one can verify that [|A| - [|AT|| =

21 = k(A), where AT is the pseudo-inverse.

, since A™!

Fact 3.1.2. Let A € M(n,m,R). The relative distance between A and the
closest singular matriz is computed as ﬁ.



3.1. CONDITIONING

61

Q Do you recall?

As stated in Eckart-Young theorem (Theorem 1.6.6), let A €
M(n,m,R) and let A = UXV7T be its singular value decomposition.
The closest matrix to A that has rank r = n — 1 is the solution of
min HA — AH :
rk(X)=n—1 F
g1 Vl
~ g2 &
A = (Ul U2 Unil) * o
On—_1 Vn—l
01
P
=U v
On—1
0
Proof.
01 01
02 o2
Ja-al-fo-(| - - ) v
On—1 On—1
On 0
0
0
On
(3.1.2)
Thus, A4l 2 O
Al T e T K(A)

Proposition 3.1.2 states that the larger x(A) the closest is A to singularity.
We analyzed the conditioning of linear systems, but the main problem we
want to study in this course is least squares problem.

3.1.2 Conditioning of least squares problem

Theorem 3.1.3 (Trefethen, Bau, Theorem 18.1). Let us be given a matriz
A € M(m,n,R) with full column rank and a vector b € R™. Consider the
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minimum problem
min f(x) = min ||[Ax — b]|
x€R™

The relative condition number of f with respect to the input b satisfies

K(A)
rel(f,b) < 3.1.3
forei(f b) cosf ( )
and the relative condition number of f with respect to A is such that
krel(f, A) < K(A) + £(A)? tan 6, (3.1.4)
where 0 is the angle such that cosf = HIﬁDTIH'

O T Ax

S / !
\O/N"‘/ w A Zulus o AV for ovL-’lN-*"; r
1Al

9 =arceos H’bll_

FIGURE 3.4: A geometric idea of the meaning of the angle 6.

Observation 3.1.1.

SPECIAL CASE 1: 8 = 90° We can see from the figure that a big change of b
induces a big relative perturbation of Ax. No matter what the conditioning
of A is, a small (relative) perturbation in b can cause a huge (relative)
perturbation in Ax, see Figure 3.5(a).

SPECIAL CASE 2: 0 =~ 0° When b is almost in plane with Im(x). In this case

Krel(fy A) = k(A) and a big relative change in b does not impact much Ax,
see Figure 3.5(b).

GENERAL CASE: 6 FAR FROM 0° AND 90° In the more general case, kre(f, A) =
K(A)2.

3.2 Floating point numbers

Computers work with IEEE arithmetic, where floating point numbers are ex-
pressed in base-2 scientific (exponential) notation.
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Sft:,\ml case /_LZ

9x99° b

e A==
(a) 6 =~ 90° (b) 6 =~ 0°

FicUre 3.5: Two different angles between b and the hyperplane.

double (64-bit numbers):

+1.01001011101 . ..101 -2% 10101
~ N——
52 binary digits 10 binary digits

We use 1 bit for the sign, 52 bits for the “mantissa” and 11 bits for the exponent
and its sign.

Some of these combinations of bits are reserved for special numbers, e.g. Inf
and NaN, -0.

This system is subject to approximation errors, exactly like the “usual” decimal
arithmetic: for example, if we do % = 0.33333... and if we do % + % + % =
0.99999... #£ 1.

Moreover, not all numbers are exactly representable, take x = 0.14ec =
0.00011pi,. It is a periodic number when written in binary, hence we cannot
represent it exactly as a machine number, hence it should be rounded up to ,
the closest floating point number.

Notice that the precision of the numbers that can be stored in floating point
arithmetic is variable, in particular there are more numbers close to zero with
respect to those that are far from 0, see Figure 3.6.

52
2 nombees

52 ;
2 nembers

FIGURE 3.6: We have 2°2 equispaced numbers between % and 1 and between 1 and
2, and 252 between 2 and 4 and so on and so forth, so we have the same number of

integers, although the interval is getting bigger and bigger.

Definition 3.2.1 (Error bound). On every machine, for each x € £[107398 10398,
there is an exactly representable number T that satisfies the error bound, namely
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|&—|
|]

it is closer to x than the constant u = 2752 ~ 10716, Formally, < u. Equiv-

alently, T = x - (1 £ 6), where |§| < u.

3.3 Stability of algorithms

In this lecture we will try to answer the question: “Is our algorithm going to
compute a good approximation of the solution, provided that all the operations
are performed with machine precision?”

The concept of stability is linked with the particular algorithm used.

Let us assume that we have the best possible algorithm that returns § = f(&)
which is the best representation of f(&), then by definition we have

9 =yl |7 — | |7 — |

lyl

o )

< /”irel(fa JI) |.’L‘|

< Kret(fy 2)u + o(u).

]

In practice we may ignore o(u), since it has order of magnitude greater than
2716,

| Terminology

From now on, we will denote floating point operations with circled opera-
tors, such as ®, ®, where

(@®b)—(@+b)| _,

a®b=(a+b)(1+5), |0]<u <

la + b|
and . .
a®b=ab(l+0), |6|<u Wﬂ

Example 3.3.1. We would like to compute the error on the function f : R® — R
s.1.

f(a,b)=a’b=ay b +ag-by+az-bs
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Stepl: computer result

J=0a10b; ®ay®bs®as®bs
= “aﬂh-(1+6)+a2b2'(1+5z)] “(14d4) +agbs - (14 03)| - (1 + J5)

=arby - (1+61) - (1+04) - (14 85) + agba - (1 +d2) - (1 +64) - (14 J5)
+agbs - (1+83) - (14 65)

= a1by (1401 + 04 + 85 + O(u?))

+ agby - (1401 + 64 + 65 + O(u?))

+asbs - (1+ 83 + 05 + O(u?))

~ a1b1(1+ 01 + 04+ J5) + agba - (1 + 51 + 64 + 95) + asbs - (1 + 03 + J5)
=1y + a1b1(01 + 04 + 05) + agba (61 + 94 + d5) + asbs(ds + 05)

Where O(u?) comes from the summation of §;0;, for some i, j and allows
us to do an approrimation up to second order terms of precision.

Step2: abolute error
|§ —yl = |y + a1b1(61 + 04 + J5) + azbz - (61 + 04 + J5) + azbs - (3 + J5) — ¥

a1b1] - 3u + |agba| - 3u + |asbs| - 2u

(1)
<|
< (Jarb] + |azgba| + |asbs|) - 3u

eH)
Where < follows from the observation that |6;| < u

106 +1
Let us take a = (1 -1 O) and b = 106 , then
1

f(a,b)=10°+1-10°+1=2

while
|-yl =10 +1+10°+1=2-10°42

Theorem 3.3.1. Let A € M(m,n,R) and let B € M(n,p,R), the matriz-matriz
product has an error bounded by

’C’C” <n-|A|-|Blu+O(u?)

3.3.1 Backward stability

Notice that computing the error using this “forward” technique requires a lot
of computation also in the case of very simple algorithms. In order to simplify
things a little, Wilkinson’s trick (from the 60’s) may be used. The basic idea
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of backward stability is to see the computer result as the exact output of an
algorithm run on a slightly perturbed input.

L 3 Terminology

From now on we will decorate with ~ floating point numbers, while we
will use " for perturbed inputs.

Example 3.3.2. Let us resort the function of the previous evample f : R? — R
s.t.
f(a,b)=a’b=ay by +as-by+az-bs

where we can write the computed value as
Y= 0,161 + (Lszz + a3bA3

where .
by = bl(l + 51)(1 + (54)(1 + (55) = by + 3uby + o(u),

bAQ = bz(l + 52)(1 + (54)(1 + (55) = by + 3ubsy + 0(’I,L>7
bs = bs(1 + 83)(1 4 05) = bs + 2ubs + o(u)

Let us compute the error on bAl

~

bi — bi

= |bs(1 4 61)(1 4 04)(1 + 05) — b4
= |bl(51 + 04 + 55)|
= |bl| - 3u

b-b
And the relative error is [ o I < 3u+ o(u).

Hence, the bound on the result:

~ 5]

< Krel(inn. prod.,b)W < Krel(inn. prod.,b) - 3u

Notice that the theoretical bound is

17— yll
lyl

therefore the bound that we found is not bad.

< Kre(inn. prod.,b) -u

Definition 3.3.1 (Backward stability of an algorithm). An algorithm that
computes y = f(x) is called backward stable if the computed output § can be
written as y = f(X), where X = x + O(u||x]|) (exact function, perturbed input).

Observation 3.3.1. In real-life usage, this O() notation often hides polynomial
factors in the dimension n. Although this may look an illicit simplification, we
observe that these factors are much more harmless than the error that we could
make otherwise.
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Theorem 3.3.2. Backward stable algorithms are as accurate as theoretically
possible (given the condition number of a problem), up to some factor that
depends only on the dimension (e.g., n, 2n +18n, ... ).

Proof.
[ —x]|

]

while the best attainable accuracy is Hﬂ;ﬁ’“ < Kret(f,x)u. O

y-y
” ” < "irel(fax)

v = foret(f;x)0(w),

We may ask ourselves if it’s possible to perturb the input in order to get y
for every possible algorithm and the answer is no. Let us see a counterexample.

Example 3.3.3. Let us take the functionf : R® — M(3,R) s.t.
a1b1 CleQ a1b3
f(a, b) = abT = a2b1 a2b2 a2b3 =M

agby agbs agbs

Let us consider the machine computation

~ aq aq ® b1 a1 (O} b2 aq ® bd
M= |az| ®[b1 by bs]=|a2Obi az @by ay®bs
as a3 ®by a3 ®by a3z ®bs

We are looking for a and b such that M = a7 - b, but it is impossible to
dy

obtain M as |do| - [bAl by bAS] because the columns of M are all multiples of
ds
the same vector.

Backward stability of QR factorization

Theorem 3.3.3. Let A € M(m,n,R) and let Q € O(m,R) be an Householder’s
reflector. The following holds

QOA=QA+E
where || E|| < [|A] - O(u)

Corollary 3.3.4. As usual, when computing the backward stability, we want to
write the error as a perturbation of A:

QOA=QA+E=Q (A+F)
H{_/
A

where F = Q7'E = QTE and ||F|| < |

Qll- 1]l < |A]l - O(u)

=1
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Q Do you recall?

A generic step k € IN of the computation of the QR factorization of a
matrix has the following shape:

X X X X X X X X X X
I 0 X X x X 0 X X X X
k—1,k-1 0 0 x x x|=10 0 x x x
b 0 0 x x X 0 0 0 x x
0 0 x X x 0 0 0 x x

Qk Ry_1 Ry

Theorem 3.3.5. Each step of the QR factorization in backward stable.

Proof. The computed matrix ]f%vk is the exact result of applying the transformation
to

Rii1 = Qi O Ry,
= QiR + O(u) |Qx|l || Rl
= QR + E, where [|E|| = O(u) [|Qxl| | R ||
= Qi (Ry+ F), where F = Q, 'E

Hence

k|| IR
—_——
1 [IA]

IFI < [|@x M IIEN = O(u) | Q|- [|Q
g

* k
-O(u) = || 4| - O(u), thanks to Theorem 3.3.3. Notice that = holds because
Ry—1 is obtained as product between matrix A and orthogonal matrices. O

Theorem 3.3.6 (Backward stability of QR factorization). QR factorization is
backward stable: the computed QR are the exact result of the function for(A),

where A is such that HA — AH < O(u) - ||AJl.

Proof. At each step, Athe computed matrix f%; is the exact result obtained starting
from a perturbed A = A + F; + Fy + ...+ F}, as stated in Theorem 3.3.5.

errors at each step

Provided that || F;|| < ||A] - O(u) we have the thesis ||[F} + Fo + ...+ F|| =
[A[] - O(u). 0

Orthogonal transformations are the key for stability.
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3.3.2 Stability of algorithms for least-squares problems

Let us see how various algorithms to solve LS problems behave with respect to
backward stability.

Least squares problem via QR

STEP 1: Computing a thin QR (qr(a, 0);) — backward stable;
STEP 2: (¢ = Q1’*b;)— backward stable;
STEP 3: (R1 \c;)— backward stable;

Least squares problem via SVD : We never discussed how SVD is com-
puted, hence we state the following

Theorem 3.3.7. SVD it is a product of orthogonal matrices, hence all
the errors are of size O(u) - ||A||. In particular we get

B (st 4) 4 1)) - O

x|

STEP 1: Computing a SVD (svd (A, 0);) — backward stable;
STEP 2: (¢ = U’#b;)— backward stable;

STEP 3: (d = ¢ ./ diag(8);)— backward stable;

STEP 4: (V*d;)— backward stable;

Least squares problem via Normal Equations : As you might recall from
the comparison of the efficiency of algorithms for solving LS problems
(Table 2.1), this method does not work properly in the case of “almost
singular” matrices A. At this point, we have the theoretical knowledge to
fully understand what is happening:

STEP 1: C

A x A »C=(A+E)" - (A+ Ey)

STEP 2: d = A’ * b; — d = (A+E,)" - (b4 e1). This is the first
problem, because it is not possible to have the same perturbation of A
(Ey = E») obtained as backward stability of two different algorithms

STEP 3: x = C \ d; — This implies that the error is ||C| = HATAH =
|A%|| # || All and this is in contrast with the definition of backward
stability, because Z=xIl — k(A)%u

[E]

Example 3.3.4. Let A € M(4,3,R) s.t.

i N i
DN = N =
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We may observe that A is at distance 1078 from a matriz without
full column rank, hence k(A) =~ 108. On this particular matriz A, the
conditioning on QR and SVD is k(A)-u ~ 10%, while the conditioning
of normal equations is r(A)* - u ~ 10°.

3.4 A posteriori checks

So far, we used a “a priori” bound, hence we computed the theoretical stability.
Another approach would be to use a “a posteriori” bound, by using the computed
value X for assessing how good the result is.

Definition 3.4.1 (Residual). Let (P) be a problem and let x € R™ be the
solution of that problem. Let X be the computed solution of (P). We define
residual the value of the problem in X.

3.4.1 A posteriori check for linear systems

Definition 3.4.2 (Residual). Let A € M(m,R), b € R™, and let x € R™ be
the solution of Ax =b. Let X be the computed solution of Ax =b. We define
residual

r=Ax-b

Theorem 3.4.1. Let A€ M(m,R), b € R™, and let x € R™ be the solution of
Ax = b and let v be the residual of the computed solution X. The following holds

[l
O(u) ~ — 0
Al - |||

Proof. Provided that we solve Ax = b via a backward stable algorithm, obtaining
X, then
(A+E)-x=b+f

with % = O(u) and % = O(u).

The norm of the residual is expressed as

AX —b| = |t - EX|| < || + | E|| - |X] = b Al - 1%
X [f — EX|| < [[£]| + [[E] - [[%]] = Ou) - [b]| + O(u) - Al - ]|

r

Let us isolate O(u) and we get

Il
OW) = AT =~ 1o
© |
= AT (R + =)
o x|

I UREY
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@ 2
where > holds because b = Ax = ||b|| < ||4] - ||x]| and 2 holds because 1%l

and ||x|| are very close to each-other. O

Theorem 3.4.2. Let A € M(m,R), b € R™, and let x € R™ be the solution
of Ax = b.

For a given X, the relative error of X is bounded by the conditioning of matrix

A times the ratio between the norm of the residual and the norm of b. Formally,

Il = x|

< H(A)M

[l — ]l

This theorem tells us that x is “close to the solution” apart from a factor
which is the conditioning of matrix A.

Proof. Follows from the perturbation results for linear systems. The idea is that
Z is the exact solution of the perturbed system

* ~
Az =b+r=0»
* b—b .
Where = follows from the definition of r and H o H = H
A relative perturbation of size § is amplified by x(A). O

It’s important to notice that also computing A ® x © b is an approximated
operation. We choose to simplify things and ignore this error.

3.4.2 A posteriori check for Least Squares Problems

We cannot use the same approach used with linear system “a posteriori” check,
because for A € M (m,n,R), with m > n and full column rank and b € R™ the
quantity ||Ax — b|| is not small at all, indeed it could be as large as b, as shown
in Figure 3.7.

FIGURE 3.7: A can be as large as b if b is perfectly orthogonal to the hyperplane
identified by A.

Definition 3.4.3 (Backward Error). We term backward error the minimal
perturbation of inputs that produces an approximated output.
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Rll‘ — QlTb
—Q2"b '

We said that the entries in the second block are fized irrespective of x, but we
could make the entries in the first block zero, by choosing x = Rl_lQTb. This
information let us infer something about the values of the vectors in Figure 3.7,
in particular the minimum of the value that we can get is HQgTbH = [|Az —b||.

With some algebra we may also check that ||Q17b|| = || Az]|.

Observation 3.4.1. If you solve LSP via QR ||Az —b|| =

Since this is a minimum problem, we know that the gradient of the function
is small near the optimum value, hence
f(x) = %HAX —b|? = %(Ax —b)"(Ax—Db) = %(XTATAx—bTAx—xTATb—i—bTb)
Vix)=ATAx — Ao
Let us define the residual r = V f(x), therefore X solves
ATAX - ATb—r=0 (P)

hence

X — x| rpy [[ATD + 1 — ATH| T il
T ST s ey [ATh]
AT A|l-|| (AT )| =(o1/02)?

2
notice that (;’—i) could be incredibly large.
- AT Az— AT
Theorem 3.4.3. M < (k(A4))?- Hw. Although we might have

wanted to have the condition number of the problem, instead of the condition
number of A and this could lead to underestimating the error.

Another idea could be using as error the first entry of the vector obtained
via QR (namely R;"z — Q17b), by imposing Riz = Q17b

We may observe that this is a truly backward stable measure:

given r = HRlTi -1 |, there exists b with Hb - bH = ||r|| such that ¥ is

the exact solution of min HAx — Z‘

We have proved the following

Fact 3.4.4. Let A € M(m,n,R), with m > n and full column rank and b € R™.
If we denote x € R™ the solution of ||Ax — b|| and with X € R™ the computed
value, the following holds

X = @l _ w(A) |l
[z~ cos® bl
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Proof. Let us apply the condition number bound on
o modified input: b = b+ Qqr;

¢ solution: x — X

%~ x| 5]
TR S ’ircl(Lsa b) T nwn
e8] bl
b -b
= firel(L‘S’a b) : || || + erl
bl
lIrall
——
© w(4) JQml
~cos(0) bl
)
where < follows from Equation (3.1.3) O

Theorem 3.4.5. Let A= Q1R be a thin QR factorization. Let r1 = QT (AX —
b). Then, X is the exact solution of the LS problem

min ||Ax — (b + Qir1)||,
so the backward error of X is ||Q1r1]| = ||r1]|-

Proof. Idea: replay the solution of a LS problem with QR factorization, and
use Q1TTQ; = I. You will get in the first block Riz = Q17b + r1, ie.,
Q17 (Az — b) = ry, which is verified by Z.

Ay — (b + Qry1)]|

QT (Ay —=b — Qur1)

T
-(22) v -cuen

_|[{By\ _ (@"b\ (ra
- 0 Q>Tb 0
| (Riy-@1"b-1;

B -Q2"b

where the first component of the last vector is 0 whenever we choose X =y and
the second component does not depend on y. O
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Chapter 4

Linear Systems

4.1 LS: the task

In this lecture we address the problem of solving linear systems exactly.

Q Do you recall?

Solving a linear system means for any given A € M(m,R), b € R™, find
x € R" such that
Ax=Db

In this course we provide the following four ways of solving a linear system:
¢ Gaussian elimination;
e LU factorization;
¢ QR factorization;

o Cholesky factorization (specialized method for positive definite matrices)
Idea: AT A can be written as ATA = RT R, where R is a square, upper
triangular matrix.

Someone could observe that this subject has already been studied in the
numerical linear algebra course, but we are interested in computing the solution
to this problem quickly when the dimensions are large and the matrix A is
sparse.

Since the complexity of Gauss method is cubic, this algorithm is unfeasible for
large inputs.

Let us first discuss some real life examples, where the matrices are large and
sparse.

LOCAL FUNCTION ON GRAPHS: A local function on graphs is a function that
depend on few nearby vertices. This kind of functions lead to a sparse
adjacency matrix A, as can be observed in Figure 4.1;

(6]
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FIGURE 4.1: A local function on graph.

IMAGES: Take an mxm image and blur it (each pixel is obtained as the average of
its neighbours). T': M(m,R) — M(m, R) such that T'(4),; = (A +
Aija+Aicyj1 A+ A+ A+ A+ Aipj—1 F Aipaj)-
T may be written as a matrix that maps all the m images to a set of m
blurred images and has the following shape T' € M(m?,R) such that the
(i,7)-th row of T has exactly 9 entries with value % and all the others are
0. The non zero entries correspond to A;_1, ..., Ait1j+1;

KKT sYSTEMS constrained optimization;

ENGINEERING PROBLEM: To check stability of a bridge, it gets split into small
cells. It can be proven that the stress on each of these cells corresponds to
the force applied by the neighbours, as shown in Figure 4.2. In the end,
this local phenomenon may be represented by a sparse matrix.

forces “PP“CO\

til
p\'cclh“ of the
bridge

FIGURE 4.2: Graphic idea of a bridge partitioned into small blocks
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'O'g Something on Matlab ...

Matlab allows to display sparse matrices in a visual-friendly way, via the
command spy (A). Other useful commands are the following

e nnz(A) display the non-zero entries of A

e The density of a matrix A can be computed as density = nnz(A)
/ (size(A) * size(A))

Moreover, Matlab efficiently stores sparse matrices storing only the couple
(pos, value) of non-zero entries (the so-called coordinate format). In order
to convert a sparse matrix into a regular matrix there is the command
full(h).

4.2 QR Factorization

Thanks to QR factorization, the matrix A can be written as A = QR, where
Q € O(m,R) and R € T(m,R). In this case x can be computed as

x=A""b=R'Q7'b
and the steps are the following
1. compute A = QR, complexity: 4/3m3 + O(m?)
2. compute ¢ = Q~'b = Q7b, complexity: O(m?)
3. compute x = R~ !¢ via back-substitution, complexity: O(m?)

Hence the total cost is 4/3m? + O(m?).

4.3 SVD Factorization

The same trick we used for QR factorization holds for SVD.

4.4 LU Factorization

Gaussian elimination can be seen as a factorization: A = LU. The intuition
is to proceed iteratively, multiplying each time for a new matrix, just like QR
factorization.

Since the idea of Gauss elimination is to add multiples of row 1 to all the
rows from 2 to m to kill off A(2: end, 1) we have that:
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STEP 1:
1 @ X X X X @ X X X X
—as 1 X X X X X 0 x X X X
—as 1 X X X X x[|=]1]0 x x x X
—ay 1 X X X X X 0 x %X x X
—as 1 X X X X X 0 x %X x X
matrix Lj matrix A matrix Aj

Where the @ is called pivot and L, is such that

ap = (L), =

STEP 2: let us multiply A; (obtained at the previous step) by a matrix Lo that
has an “identity frame” and inside does the same that L, was doing before.

1 X X X X X X X X X X
1 0 @ X X X 0 @ X X X
—b3 1 0 X X X x|=]10 0 x x x
—by 1 0 X X X X 0 0 x x X
—bs 1 0 X X X X 0 0 x x X
matrix La matrix A; matrix As
(A1) o
b = (L), = —52=, k=3,...,m.
w2 (A1)22
STEP 3: let us go on and
1 X X X X X X X X X X
1 0 X x X X 0 X XX x X
1 0 0 @ x x|=10 0 @ X X
—cq 1 0 0 x x x 0 0 0 x x
—c5 1 0 0 x x x 0 0 0 x x
matrix L3 matrix As matrix Az
(A2)p3
cr = (L3), 5 = , k=4,....m.
M (Ag) g
STEP 4: one more operation
1 X X X X X X X X X X
1 0 x x x X 0 X X X X
1 0 0 x x XxX|=]0 0 x x x
1 00 0 (x) x 00 0 (x) x
—ds 1 0 0 0 x x 0 0 0 0 x

matrix L4 matrix As matrix Ay
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(As) 44
dk:(L4) = ) k:57 , M
i (A3)44
In the generic case we have L, 1+ Ly, _o-...- Ly - A= U, where U is upper
triangular, or A = Ly'-Ly'-...- L' | .U, with U upper triangular and L
=L

lower triangular.
Theorem 4.4.1. Let A € M(m,R) such that we do not encounter zero pivots
in the algorithm. A admits a factorization A = LU, where L € T(m,R) is lower

triangular with ones on its diagonal, and U € T'(m,R) is upper triangular.

Observation 4.4.1 (Stroke of luck). The product of the L;”"’s (denoted as L)
can be computed for free, since the following holds:

1 —1 -1 1
1 ! 1 ! 1 az 1
. —b3 1 . 1 . 1 = as by 1
—by 1 —cq 1 1 ag by cy 1
—bs 1 —cs 1 —ds 1 as bs ¢c5 ds 1

ALGORITHM 4.4.1 LU factorization, Matlab implementation.

1 function [L, U] = lu_factorization(A)

2 m = size(A, 1);

3 L = eye(m);

4 U =A;

5 for k=1 :m-1

6 % compute "multipliers"”

7 L(k+1:end, k) = U(k+1l:end, k) / Uk, k);
8 %4 update U

9 U(k+1:end, k) = 0;

10 U(k+1:end, k+1l:end) = U(k+1l:end, k+1:end)
11 - L(k+1:end, k) * U(k, k+l:end);

12 end

Fact 4.4.2. The computational complexity of LU factorization is

gm?’ +O(m?)

Proof. The computational complexity of this algorithm is concentrated at lines
10, 11 where at the k-th iteration we need to perform 2 operations for each entry
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of a (m — k) x (m — k) sub-matrix of U

X
0 x

0 0 x X
N (m—k)

0 0 x X

The total complexity is 2(m — 1)°+2(m — 2)°+.. .+22+1 ~ 2(%3+O(m2)>. O

An attentive reader may notice that the cost of LU factorization is half as much
as QR factorization.
The algorithm for computing a solution of the linear system would then be

o ¢ = L 'b, solved through forward substitution

o x = U~ !¢, solved through backward substitution

Og Something on Matlab ...

Implementation of \ in Matlab: We consider important to remark
how the operator \ is implemented in Matlab and uses an “automatic
algorithm”:

o if A is triangular, back(for)ward substitution is used directly
o otherwise LU factorization is used.

Notice that there is not any check on the orthogonality of the matrix. It
seems odd, because in that case A~' = AT, and hence it would be easy
to solve the system. The issue is that in order to find out that a matrix
is orthogonal we would need to compute AT A, which is too costly.

4.4.1 Stability of LU

A downside of this approach is that it’s not numerically stable. The intuition is
that the conditioning is bad whenever the matrix A has a very small pivot.
Let us see an example:

Example 4.4.1. Let A € M(2,R) such that

U L e | N S S P (U 1
o1 o1 T 1| 0 1-10%
[ —

matric L matric U

In this case the LU factorization of A produces two triangular matrices L, U
with norm much larger than || A||.
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Partial pivoting

Luckily, we can circumvent this issue multiplying L;s by some permutation
matrices (which swap rows in order to have a s pivot the largest value on that
column), as follows

Lin-1Pm_1...LaPol PLA =U

where a permutation matrix P; has the following shape

I 0

Observation 4.4.2 (Stroke of luck 2). Thanks to another “stroke of luck” we
can reorder those factors:

Ly 1Pm1...LoPoli Py = Ly 1Lm-o...L1Pp_1Pms...P,

where El is equal to a modified version of L; where the entries of the active
column are swapped just like P;.

Fact 4.4.3. LU factorization is not backward stable.

Proof.
Uk+1 =L, 0U
= LyUx + E where [[E|| = O(u) - [| Lk | - [[Uk ||
= Ly(Uy + F) where F = L, 'E
Hence

IEI < (22~ | - 1B = Ou) - |1 Lall - [| L] - 1T

We can now introduce the following

Theorem 4.4.4. Let A € M(m,R). A admits a factorization A = PLU, where
P is a permutation matriz, L € T(m,R) is lower triangular with ones on its
diagonal, and U € T(m,R) is upper triangular.

It goes without saying that there is an overhead to performing partial pivoting
during LU factorization and its cost is O(m?).

Notice that P is orthogonal (P~! = PT).

In the pivoting case the algorithm is

e c=PFPb

o d = L~ !¢, through forward substitution
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o x = U~'d, through back substitution

Notice that LU factorization cannot be used to solve Least Squares Problem,
because || Ax — b|| # ||[L7!(Ax — b).

Although the elements of the active column of each L; are bounded by 1
(because (L;),; = —Ari/A;; where A;; is chosen as the largest element of the i-th
column of A) there is a worst case scenario in which ||U]| =~ 2™ - ||A]|. Luckily,
this worst case scenario is not statistically relevant in practice.

4.4.2 Gaussian elimination on sparse matrices

Given a sparse matrix

X X X X X
X X X X
X X X X X
X X X
A= X X X X
X X X X
X X X X
X X X X
X X X X

Gaussian elimination causes some fill-in, due to the sum of a multiple of the
first row, which has non zero entries in different positions:

X X X X X X X X X X
X X X X X X X X
X X X X X 0 X X X X X X X
X X X 0 X X X X X X
X X X X | = X X X X
X X X X 0 x X X X X X
X X X X 0 x X X X X X
X X X X 0 X X X x X X
X X X X 0 x X X X X X
matrix A matrix A,

We may observe that the computational complexity of sparse LU is linear in
the number of non zero entries of the final matrix, obtained by the algorithm,
which is possibly much larger than the number of non zeros in A.

How to circumvent this problem? At each step we may use as pivot row
the most sparse one. This computation may be done in a more sofisticate way,
considering the “relative” position of non zeros between couples of rows.

Because of this trade-off the choice is made in relation to the needs of the
implementation. We won’t study any algorithm that deals with sparse matrices,
since they are very complicated and make use of heuristics.

There are some lucky cases in which the fill-in is almost none, for example
a matrix that only has 5 diagonals which entries are different from 0 (called
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tridiagonal). In this particular case L is tridiagonal and lower triangular and
U is tridiagonal and upper triangular, as shown below.

X X x 0 0 0 --- 0
X X x x 0 0 0
X X x x x 0 0
A:Oxxxxx
0
0O 0 O X X X X
0O 0 O X X X X
0O 0 O 0 x x X
X X X X
X X X X X
X X X X X X
L: U:
X X X X X X
X X X X X X
X X X X X

Observation 4.4.3. We should remark that if we are interested in high-performance
computing we need to pay attention to the blocking, because we go from vector-
vector operation to matriz-matriz operation and some of these operations may be
performed more efficiently. Parallel/multithreaded implementations are available
by means of parallel libraries for Matlab.

4.4.3 Gaussian elimination on symmetric matrices

Q Do you recall?

In Gaussian elimination we had A and we multiplied it by L; in order to
get a new matrix with a big chunk of Os in the first column

1 @ X X X X @ X X X X
x 1 X X X X X 0 x x X X
X 1 X X X X xX|=]1]0 x x x X
X 1 X X X X X 0 x X x X
X 1 X X X X X 0 %X X X X
matrix Li matrix A matrix Aj

Let us consider an upgrade of Gaussian elimination in the case of A € S(m, R).



84 CHAPTER 4. LINEAR SYSTEMS

Let us see what happens if we multiply L; A on the right by the transpose of

Lll
(L ALY = (1, ") ATL,T = 1, AL, T € S(m, R)

STEP 1:
1 () x x x x\ [1 —a1 —ay —as —ay x) 0 0 0
—a; 1 X X X X X 1 0 x x X
—as 1 X X X X X 1 =10 x x X
—as 1 X X X X X 1 0 x x X
—ay 1 X X X X X 1 0 x X X
matrix L matrix A matrix L, T matrix A,
STEP 2:
1 x 0 0 0 O 1 x 0 0 0 O
1 0 ® X X X 1 —by —by —b3 0 x 0 0 0
b 1 0 X X X X 1 =10 0 ® X X
—by 1 0 X X x X 1 0 0 x x x
—b3 1 0 x x x X 1 0 0 x x x )
matrix La matrixAq matrix LoT matrix Ag
STEP m:

Ly Lypg-...-Ly-A-L/F - ... LT . LT | =D,
where D is diagonal, or

A=L-Ly-...- Ly -D-LY ... LY. LT=L.D . L.

L LT

Observation 4.4.4 (Stroke of luck). Notice that the stroke of luck of Observa-
tion 4.4.1 holds in this case too, hence we pay nothing to compute both matrices
L and L.

1 1 1
—a1 1 1 1 1 ! 1 ar 1
—asg 1 . —b1 1 . 1 . 1 — as b1 1
—as 1 —by 1 —c1 1 1 asz bo cy 1
—aq 1 —bs 1 —C2 1 —dy 1 ayg by co di 1

Theorem 4.4.5 (Symmetric Gaussian elimination). Let A € S(m,R) such
that during Gaussian elimination we don’t encounter any 0 pivot. A admits a
factorization A = LDL™, where L € T(m,R) is lower triangular with ones on
its diagonal, and D € D(m,R).

A Matlab implementation of symmetric Gaussian elimination is shown in
Algorithm 4.4.2.
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ALGORITHM 4.4.2 Symmetric Gaussian factorization, Matlab implementation.

1 function [L, D] = 1dl_factorization(A)

2 m = size(A, 1);

s L = eye(m);

4+ D = zeros(m);

5 for k = 1:m-1

¢ D(k, k) = Ak, k);

7 L(k+1l:end, k) = A(k+l:end, k) / A(k, k);
s A(k+l:end, k+l:end) = A(k+1l:end, k+1:end)
o — L(k+1l:end, k) * A(k, k+l:end);

10 end

11 D(m, m) = A(m, m)}

Notice that it is possible to make an optimization of this algorithm: since A
is supposed to be symmetric, we only need to update the lower triangular part of
A, since the rest is mirrored by symmetry, hence the computational complexity
is half that of Gaussian elimination, namely $m® + O(m?).

This algorithm is not backward stable, exactly like the one on non symmetric
matrices. Pivoting may be performed in order to improve stability. It comes
without saying that the row swap should be done consistently on the columns
to preserve symmetry. This is performed by permuting rows and columns of A,
that means swapping elements on the diagonal. In particular, at each step, we
work on a 2 x 2 block diagonal matrix, hence

Of course there are some matrices (like the ones with all Os on the diagonal)
that cannot be “pivoted”. There are workarounds, as splitting matrices into
blocks. As an example, Matlab’s [L, D, P] = 1d1(A) produces matrices such
that PTAP = LDL™, where D is not diagonal, but it has 2 x 2 blocks on the
diagonal.
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Q Do you recall?

A matrix A € M(m, R) is said to be positive definite if all its eigenvalues
are strictly positive. Formally, A is positive definite if

Vz#0€cR™ z7 Az > 0

One can prove that on positive definite matrices we do not need to divide by
0, while performing symmetric Gaussian elimination and this is proved by the
following

Lemma 4.4.6. In the context of positive definite matrices the following holds:

1. Let A be a symmetric matriz. A is positive definite if and only if MAMT
is positive definite, for some invertible M € GL(m,R). Formally,

VA€ S(m,R) s.t. A=0< 3IM € GL(m,R) s.t. MAMT~0

2. Let A a symmetric positive definite matriz such that A = [ﬁ; Q;g ] , then
A1y and Ass are positive definite too. Formally,

VA e S(m,R) s.t. A-0 and A = [ﬁ; ﬁ;z] = A11>0 and A0

Proof.

=) Ac S(m,R) and A~0 = MAM?T € S(m,R) and MAM™"~0.

Take 2 € R™, z # 0 2T MAM"z = yT Ay > 0, where we performed a
variable change y = M”z. Notice that y # 0 because M is invertible
(and ker(M) = {0}). The symmetry of the matrix M AMT follows

from (MAMT)" = MT"ATMT = MAMT;

<) MAMT € S(m,R) and MAMT =0 = A € S(m,R) and A-0.
This proof follows from the previous arrow, where the substitution is
z=Mly.

2. A= [f‘; f‘;] positive definite = A1 and Ass are positive definite too.

Since A is positive definite, its scalar product is greater than zero with all
the vectors in R™.

Aq1) Let us take z = [% ].

[le 0] . [ﬁ; f‘;z] . [z01] _ ZlTAllzl > O7 vzl c RsizeofAu
Az;) Let us take z = [ 2 ].

[0 Z2T] . [ﬁn A12] . [ 0 } — ZQTA22Z2 > 0, VZQ c RsizeofA22

21 A2z Z2
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O

Corollary 4.4.7. Let A € S(n,R) such that A is positive definite. When
computing the LDLT factorization of A, at each step we have Dy > 0, hence
we need no pivoting technique.

Proof. From the first point of Lemma 4.4.6 we have that, since A>0, Ly AL, T
is positive definite. Thanks to the second point of the same lemma we have

x 0 0 0 O
0 X X X X

LALLT =0 x x x x| and so the first and the second diagonal blocks
0 x X X X

0 x X X X
are positive definite (D17 > 0 and Dyy>0).
This reasoning can be done recursively, hence the diagonal of L1 AL T is
positive. O

Theorem 4.4.8. The cost of LDL factorization with pivoting is sm3 + O(m?)
(half of LU).

4.4.4 Cholesky Factorization

Definition 4.4.1 (Cholesky Factorization). Let A € S(m,R) such that A > 0.
It can be factored as
A=R"R

where R € T(m,R) is upper triangular and it as positive elements on the
diagonal.

If we rewrite the diagonal matrix of the Gaussian elimination D as product
of D'/2 times itself we get:

V dmm dmm

matrix D1/2 matrix D1/2

Therefore the LDL factorization may be rewritten as follows

A=LDLT = LDV*(DY?" LT = cCT,
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where D/2 = diag(D}{Q,D;f, ce ,1,{,2,1), and C is lower triangular (but not

anymore with ones on the diagonal).
Notice that it is guaranteed that the square root of elements on the diagonal
exists because they are all positive, as proved by Corollary 4.4.7.

e
'a'.u. Something on Matlab ...

In Matlab the Cholesky factorization of a positive definite matrix is
performed by the function chol(A); and returns CT.

Observation 4.4.5. We will not discuss stability further, but Cholesky is always
backward stable even without pivoting (since ||C|| = ||A||1/2).

Observation 4.4.6. In a sparse matriz, we can choose the (symmetric) permu-
tation with the only goal of reducing fill-in. The same considerations about LU
factorization hold in this case too.

We encountered Cholesky factorization in discussing how to solve LSP
with QR factorization. Let A € M (m,n,R) with m > n. Thanks to thin
QR factorization, we can write A = Q1 R; such that

ATA=(QiR) QiR = R\"R,

where R;” is lower triangular and R; is upper triangular.

4.4.5 Wrap up

We designed a variant of LU factorization for the various kinds of matrices A:
« If A is positive definite, Cholesky factorization (cost: 1/3m? + O(m?));
o If A is symmetric, LDL factorization (cost: 1/3m3 + O(m?));
 Otherwise, standard LU factorization (cost: 2/3m?3 + O(m?)).

In any case, if A is sparse (namely, with density < 0.4), it is important to
consider sparse variants, but they suffer from the so-called fill-in.

4.5 Krylov’s subspace methods

This kind of methods are useful for large matrices, whenever we run out of RAM.
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Example 4.5.1. Let us consider the optimization problem min %XTAX +bTx,
where A = 0. We know that the solution to this problem is x = A7 'b. As
discussed in Optimization course, we can solve this problem via a gradient
descent-type method. We know that if f is strictly convex there exists a unique
minimum. Let us start from xg = 0.

STEP 1:
X = 0
vf(xo) = 7b7.
STEP 2:
x1 = some multiple of Vf(xo) € Span(V f(xe)) = some multiple of b
€ Span(b)
Vf(X]_) = AXl — b
STEP 3:
X2 = mult. of x1 + mul. of Vf(x1) + mult. of xo = ab + SAb , x2 €
Span(Ab,b);
STEP 4:

x3 = mult. of xa+ mult. of V f(x2)+ previous iterates - -
Axs —b = A-(ab+ A4b) — b = aAb + BA?b — b € span(b, Ab, A%b),
where a, B € R;

STEP 5: x4 € Span(b, Ab, A%b, A3b).

Definition 4.5.1 (Krylov subspace). Let A € M(m,R) and let b € R™. The
Krylov subspace of index n is

K.(A,b) = Span(b, Ab, A’b, ..., A" 'b)
Equivalently,
veEK,(ADb) < 3Jai,...,a, 1 €R s.t. v=agbta;AbtasA’b+-- -4, 1A"'b
FEquivalently, it is the set of all polynomials p of degree such that deg(p) <n —1
(ao+ 1A+ @A’ + -+ an_1A" b =p(A)b

FEquivalently,
{v :v=Vw, wherew cR™ and V= [b Ab ... A""lb }
Fact 4.5.1 (Properties of Krylov’s subspaces).

The following holds:

1. v,we K, (A,b) = av+ fw € K,(A,b);
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2. ve K (A, b) = Ave K,y1(A,b).
Proof. Let us take v.= agb + -+ + ap_1b, then Av = A(agb + -~ +
Oén_lb) =agAb+ -+ a, 1A"b € Kn+1(A7 b),

3. dim(K, (A,b)) < n. It is exactly n iff b, Ab, A%b, ..., A" b are linearly
independent.
Proof. Let us assume dim(K, (A,b)) < n. In the second point, if A"~ was
really necessary an—1 # 0 or v e K, (A,b), v ¢ K,_1(A,b), equivalently
then A™b is really necessary to write Av, i.e. Av € K,11(A4,b) but
Av ¢ K,(A,b).

4. dim(K1(A, b)) < dim(K2(A,b)) < -+ < dim(K,,,,.. (A, b)) = dim(K,,.. 41(A, b)) =

Notice that K,,(A,b) is the set of vectors that we can reach from b with two
operations:

o multiply a vector by matrix A;
o take a linear combination of the vectors obtained.

Idea of the algorithm: first compute the basis of K,,(A,b) = Span(b, Ab, ..., A" 'b),
then look for the best solution inside this subspace, namely find the best
xn € K, (A, b) such that

Xn = Vy = by;+Abys+. . .+ A" by, and xnerlr(lj,r(lA,b) |[Axy, — b|| = yrﬁjﬁm

AVy — b

The method for solving linear systems based on Krylov’s subspace hinges on a
sort of “oracle function” that performs the matrix-vector multiplication without
properly knowing A. Such oracle function may be optimized using the sparse
structure of A.

ALGORITHM 4.5.1 Matlab code for oracle function.

1 function [x] = compute_product_with_A(z)
2 x = zeros(size(A, 1), 1);

3 x[i:end] = A[i:end, :] * z;

4 end

Fact 4.5.2. Let A € M(m,R) and let z € R™. The cost of multiplying A times
z is O(nnz(A)), where nnz(A) is the number of non zero entries of A.

It goes without saying that if A is sparse, these algorithms become particularly
fast. Moreover, if we somehow have matrices that are not really sparse, but for
which there exists a clever implementation of the matrix-vector product, this
class of algorithms will give good results.
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Notice that V = (b Ab - A”_lb) is a bad basis, because it is ill conditioned.
This is due to the fact that, in general, powers of the form A*b “converge” (tend
to be aligned) to a certain (dominant) eigenvector fo A.

A first way of overcoming this issue would be taking the QR factorization of
(V 0): (Ql Rl) and use @)1 as a basis of K,,(A4,b). This is not enough,
because V is already ill-conditioned, hence storing it in memory will already
alter K,,(A,b) a lot.

4.6 Arnoldi algorithm

Q Do you recall?

The Gram-Schmidt algorithm, given a matrix W € M (m,n,R), such that
W = (wl W2 ... wn), computes an orthonormal basis for Im(W) =
Span(wi,Wa, ..., Wy).

This algorithm resembles the Gram-Schmidt algorithm for linear algebra, where
we take () with orthonormal columns Q = (ql qz hdots qn) € M(m,n,R),
whose columns are a basis of K, (A,b).

The idea behind this algorithm is to build an orthogonal basis of K, (A,b)
incrementally: at a generic step, it takes an orthogonal basis for K, (A,b) and
adds a vector to produce one of K, 1(A,b).

STEP 1: K;(A,b) = Span(b), q1 = ﬁ

GENERIC j-TH STEP: produce a vector w, belonging to K;1(A4,b)\K;(A,b),
namely w = Aq;

1. Compute B; =q;'wfori=1,...,5+1

w—qi1P1—q282—...—qj8;
Bj+1

2. Compute qj4+1 =

Fact 4.6.1. Let A€ M(m,n,R), letb € R", and let w = q181 + q2f2 + - +
9B + Qi+18j+1 € K11 (A, b)\K;(A, b).
Bi=aqi'w fori=1,...,5+1

and

w —q151 *QZBQ*H'*q‘iﬁj
Bij+1

qj+1 =
Proof.
a'w=a' @b+t a’ g+’ Qb = a4l @b = B

The second part comes from inverting the formula of w. O
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Notice that we are assuming that at each step j the vector q; ¢ K;_1(A,b).
An implementation of Arnoldi algorithm is shown in Algorithm 4.6.1.

ALGORITHM 4.6.1 Arnoldi algorithm Matlab implementation.

1 function Q = arnoldi(A, b, n)
2 Q = zeros(length(b), n); Jwill be filled in
s H = zeros(n+1l, m);

4+ QC:, 1) = b / norm(b);

5 for j=1:n

6 w=A=x*xQ(, j);

7 for i = 1:j

s / not what we showed earlier here, but stabler
9 betai = Q(:, i)' * w;

10 w=w - betai * Q(:, 1i);

11 H(i, j) = betai;

12 end

13 nrm = norm(w);

14 H(j+1, j) = nrm;
15 QC:, j*+1) = w / nrm;
16 end

Notice that in the implementation we compute
Bi=a'w

W w— fian

B2 = Q2TW

w < W — Baqa

because it is more stable.

Fact 4.6.2. The complexity of Arnoldi algorithms is O(n - nnz(A) +m - n).
Proof.

e n — 1 products with A — O(n - nnz(A))

[ ]
Mig

scalar products — O(m - n?)

2 . . .
« 2 linear combinations of vectors — O(m - n?)

e norm
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4.6.1 Arnoldi as a factorization

Definition 4.6.1 (Hessemberg Matrix). Let H € M(m,R) such that H;; =
0, Vi > j+ 1. H is called Hessemberg matriz.

X X X X
X X X X
0 x X X
H=1]100 x X
00 - 0 x

Fact 4.6.3. Let A€ M(m,n,R) and let b € R™.

AQn - Qn+1H

where Qn € M(m,n,R), Qni1 € M(m,n+1,R) and H € M(n+ 1,n,R) such
that

Bi1 Bi,2 P13z -
B2,1 B2,2 B2,z -
0 P32 B33 -
Qn=|d1 92 -+ Gn|,Quy1=|d1 d2 ... duny1 |, H=| 0 0 Bus -

Proof. At step j

B1,;
ﬂ?,j

w = Aqj = B a1 + B2 a2 + - + 55,345 + Bj+1,iQ541 = @nt1 5jélvj
0

If we collect all q; in matrix @, and we get the thesis. O
Corollary 4.6.4. Let A € M(m,n,R) and let b € R™.

AQn= | Q, au1 -(0 A

) = Qan + qn+16n+1,nel
0 ﬁn+1,n

where Qp, € M(m,n,R), H € M(n,n,R) is an Hessemberg matriz.

Fact 4.6.5. For every matriz A € M(m,n,R) there exists an Arnoldi factoriza-
tion.

An attentive reader may have noticed that AQ,, = @Q,+1H does not allow
a factorization of the matrix A, because @, is not invertible, because it is tall,
thin hence it does not have an inverse.

Bi,n
B2,n
B3,n
Ban

0 Bntin
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4.6.2 Arnoldi Termination

Definition 4.6.2 (Arnoldi breakdown). Let A € M(m,n,R) and let b € R™.
Let us assume that we arrived at step j < m such that qi,qz2,...,q; are a basis
of Kj41(A,b) CR™. We say that we are encountering Arnoldi breakdown
and

Agj = pidr + -+ + B + 0
(without any additional term B;41qj+1)

Fact 4.6.6. Let A € M(m,n,R) and let b € R™. If we get to m without earlier
breakdown

A= QmHQmT
where Q, € O(m,R) and H,, € M(m,R) is a Hessemberg matriz.

Fact 4.6.7. The QR factorization of an Hessemberg matric H € M (m,R) can
be computed in O(m?) operations.

Thanks to the combination of Proposition 4.6.6 and Proposition 4.6.7, we
can easily invert matrix A and get a solution x.

Theorem 4.6.8 (Lucky breakdown). ‘Lucky breakdown’: if it happens at an
early step, we can solve linear systems (or compute some eigenvalues) cheaply:
it costs n times a matriz-vector products + O(mn?).

Theorem 4.6.9. Let us assume we have a lucky breakdown at step n, then

o for every couple \, v eigenpair of H, the couple A\, Q,v = W is an eigenpair
of A. Formally,

H,v=\Av = Aw = \w where w = Q,Vv

o the solution of Ax =Db is

x = Qn|b] H; e,

Proof.
~| |H, L 1"
Qn QHO M} [Qn Q]

*
AQn = Qan + qn+16n+1,nenT = Qan

*
where = holds since we have a breakdown at step n. Hence we have

AQnv = QnHpv = QuAv = \Q,v
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[a1” (bl
Q2T 1
x=A"b=QnH 'Qn"b=QH | . |b2Q.H?
| Am” 0
_ ~ Hn_l _Hn_lLM_l -”bHel
—[Qn Q‘||:O Mfl :|_0

R -1
= lQn Q] [”b”}é" el] = QI Her.

O

Og Something on Matlab ...

In Matlab a nice way to plot eigenvalues is:
e ev = eig(A);
e plot(real(ev), image(ev), ’x’);

On the x axis, the real component of the eigenvalues, on the y axis the
complex component.

Notice that if b is an eigenvector of A, the breakdown happens already at n = 1.

Moreover, how to deal with a division by 0 in qu4+1 = ”:—”? We need to
change the definition 5,41 = ||z|| = 0. At this point we do not get a basis of the
Krylov space anymore, but we can still go on as “nothing happened”, as long as
these vectors are orthonormal. We go on until the end we get

AQm = QO,

Fact 4.6.10. Even if no breakdown happens, the eigenpairs of Hy, (A, QnVv) are
often close to the eigenpairs of A (see Figure 4.3).

Definition 4.6.3 (Ritz vectors). The eigenvalues of Hy, are called Ritz vectors
of A.

The Krylov’s space @, looks a lot like the space generated by the first
n eigenvalues. If A is diagonalizable A = VAV ™! AF = VA*V~!. Hence
A*b = VAV~ 'b = VINFe 4. .+ V™A Fe,,. When k gets large, the dominant

C
eigenvalue \; dominates A*b gets very close to Span(V?!,..., V™).
What happens when there is no breakdown? After n steps of Arnoldi,
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FIGURE 4.3: Indicated as a blue cross the eigenvalues of A, in red circles the eigenvalues
of H.

1. if H,v = Av is an eigenpair of H,. Q,Vv, A is an approximation of an
eigenpair of A.

2. X = Q. H, ' ||b| ey is an approximation of the solution x of Ax = b

4.6.3 Stability of Arnoldi

Suppose Aw — Aw = z, where ||z|| = . Then (A + E)w = Aw for some small E,
such that Ew = z.
T

Let us define q = %, £ = %9, then

Izl [E

T

1
Ez:ﬂ-z:qu—-HzH-q:W
2] 2]

Then || E|| = 2

We would like to check the backward stability, that means finding the exact

solution of a nearby problem. There is an exact eigenvector w of A such that
W —wl E]

< k(eig.A) 1|

[[wll

where k(eig.A) is the condition number of the iegenvalue problem.
The eigenvalues of H,, are eigenvalues of a “nearby matrix” obtained by
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taking H,y, (result of the full process) and replacing (ﬁm)nJrl.n with zero.
[ x X X | % x [ x X X | X
X X X X X X x| x
0 x x| : 0 x x|
i, - 0 0 x x|x X o oH, = 0 0 x x |X
O x X X SIE: x
X X X x X
0 X X 0 . X
L 0 0 x x| L 0 0 x

We expect that this change does not lead to a significant change in the
eigenvalues, in other words, the eigenvalues of H,, differ from the eigenvalues of

H,, by |hnt1,n|. Formally, ‘ H,, — HmH = hptin-

4.6.4 Using Arnoldi for computing eigenvalues

Arnoldi’s method can be used for approximating the largest eigenvalues of a
large, sparse matrix A.

Fact 4.6.11. The space K, (A,b) = span(b, Ab, ..., A"~'b) contains the right
“features” to represent the eigenvectors of A associated to the largest eigenvalues.

Proof. Let us take A diagonalizable: A = VAV ~!. Then

Afb = (VAVTY .. (VAV Hb = VA*V b

)\1k C1
k
— Vl V2 Lo Ym )\2 €2

=VINe + V2N + -+ VA ¢,

where ¢ = V~1b.

AFb is a linear combination of the eigenvectors V* in which those with
largest |\;| are “more prominent”, in other words as k increases the components
involving the largest |\;|s grow faster. O

Corollary 4.6.12. This also tells us that span(V1, V2 ... V™) (that are the
eigenvectors associated to largest eigenvalues in modulus) “represent well” K, (A,b) =
span(b, Ab, ..., A™1b).

Example 4.6.1. It is possible to build a counter-example, that shows that
sometimes it is crucial to reach the n-th step to have accurate eigenvalues. Let
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A e M(m,R), such that A =

10
In this case the eigenvalues are 0 until the last iteration and they get the
correct value only at the last step.

Og Something on Matlab ...

The command [V, D] = eigs(A) does not work on sparse matrices A.
In this case we may run Arnoldi method and use the best values obtained
by Arnoldi: [V, D] = eigs(A, n), which computes approximations of
the top-n (largest in modulus) eigenvalues.

Notice that the Matlab “implementation” (the quotes are because the
Arnoldi method de facto is not implemented in Matlab) of the Arnoldi
method uses some tricks to converge fast.

It is possible to use the command eigs and pass to it an anonymous
(M) function which computes the matrix-vector product and this is useful
when the matrix and the vector have a particular shape: f= @(x) Axx;

Lemma 4.6.13. Let A € M(m,R) and let (A1, v1),...,(Ak, Vi) be the eigen-
values/vectors of A. The following holds:

1. (N + a,v;) are eigenvalues/vectors of A+ al;
2. (5, Vi) are eigenvalues/vectors of AL

3. (\F,v;) are eigenvalues/vectors of A*;

4. (Ai%a,vi) are eigenvalues/vectors of (A —al)™!

Proof. Let us omit the subscript i to ease notation:

1. (A+al)v=Av+av=Av+av=(A+a)v;

2. (A"1v) is an eigenpair of A~1. We need to check that A='v = A\~ lv. If we
multiply by AA both sides: MA4A"Tv = MAX"1v < Av = X)*TAv, which
is true by definition of eigenvalue/vector of A;

3. (by induction) A%v = A(Av) = A- Av = MAv = \v = \?v.
O

Fact 4.6.14. Arnoldi’s algorithm can be used for computing the smallest eigen-
values or also those that are closest to some value p € R.
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Proof. Thanks to the fourth item of Lemma 4.6.13, we get that if (), v) is an
eigenpair of A, then ((A— p)~',v) is an eigenpair of B = (A — uI)™*, since
(A — p~1) is large whenever \ and y are close.

Following the same reasoning, we can compute the smallest eigenvalues of A
by taking the inverse of the largest eigenvalues of A~!, namely i, cee % O

Notice that such matrix B is not sparse when A is sparse.

Og Something on Matlab ...

In Matlab, we can overcome the issue of matrix B not being sparse,
avoiding to compute it directly and providing an anonymous function that
computes the product Bz = A — ul ~1z. The idea is to use factorizations:
A —ul = LU, then Bz = U~'(L7'z), that we can compute by back-
substitution: £ = @(x) U \(L \x); Moreover, we can use:

o f1l

eigs(A, 5, mu); for computing 5 eigenvalues closest to mu

o f1 = eigs(A, 5, ’SM’); for computing 5 eigenvalues with small-
est magnitude

o f1 = eigs(A, 5, ’LM’); for computing 5 eigenvalues with largest
magnitude

As final observation, the equivalents to Matlab’s eigs function are
scipy.linalgs.eigs for Python and arpack for C/C++ and Fortran.

4.6.5 GMRES: Using Arnoldi for solving linear systems

In previous sections, we already discussed that solving linear systems using
Arnoldi’s algorithm is easy in those cases in which there is lucky breakdown.
In the case of no breakdown, we can

o use X = Q,H, '|b| e1 as an approximation of the solution x of Ax =b
o use the Generalized Minimum RESidual (GMRES) algorithm

In GMRES we want to approximate the solution of a large-scale linear system
of the form Ax = b by looking for “the closest thing to solution” inside K, (A, b).

Fact 4.6.15. Let A € M(m,n,R) and let b € R™ such that Arnoldi’s algorithm
does not lead to a breakdown. The solution of the minimum problem

min  ||Ax — b||
x€Kn(A,b)

is expressed as
xX=Qn- HnT Hb” €1
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Proof. Let us take x = @Q,y, then the minimum problem is equivalent to
min ||AQ,y — b|.
yER™
We can perform some more reductions and:
ey
1AQny = b = | Qni1H,y — b
@
2| @ni1H,y — Quir [[bl| e
= [|Qns1 - (H,y — [[blle1)]
@
= |H,y — |[bl e
where

o ©is due to Arnoldi’s equivalence AQ,, = Qn+1H,, with H, € M(n+1,n)

o 2 follows from

bl
0
b-arfbles— [ -~ an-| .
0
(bl
0
Qn . = Qnel ||bH = Qn+1e1 ”b”
0

. Dig explained by Proposition 1.4.1 (||Qx| = ||x|| for @ orthogonal)
O

Corollary 4.6.16. The cost of Arnoldi’s algorithm for solving linear systems is
O(n®) and it does not depend on m.

Proof. qr(H) can be computed in O(n?) using the fact that H is ‘almost tri-
angular’ (Hessemberg matrix), although it is not a big optimization, since n
Arnoldi steps need to be computed first.

X X X | X X
X X X | X X
0 X X

0 0 x X X X

X
X
X
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An implementation of Arnoldi’s algorithm for solving linear systems is shown
in Algorithm 4.6.2.

ALGORITHM 4.6.2 Arnoldi’s algorithm for linear systems Matlab implementa-
tion.

1 function x = GMRES(A, b, n)
2 [Q, H] = arnoldi(A, b, n);
norm(b) + eye(nt+l, 1);
«+ y=H\ v;

5 x =QC, 1:n) * y;

3 v

Notice that instead of doing a QR at the end, we can compute QRs of
H,,H,,... and update them at each step. This allows us to compute at each
step a residual ||Ax,, — b|| that we can use as stopping criterion.

Og Something on Matlab ...

Matlab has gmres (A, b) (and Python has
scipy.sparse.linalg.gmres).

GMRES Convergence Speed

Fact 4.6.17. Let A € M(m,n,R) and let b € R™. If A has k different
eigenvalues, there exists a polynomial p with degree < k — 1 such that p(\;) =
)\%, Vi = 1,...,m. Then GMRES recovers the exact solution in exactly k
iterations.

Proof. Let us resort the definition of Krylov’s space as a polynomial:
x € K,(A,b) <= x = agb+a1Ab+.. . +a,_1A" 'b = p(A)b, for some o;; € R
We can now bound the norm of the residual as
min [|[Ax — b|| = min ||A - p(4) - b — b||
(4)=1)-b|
< min (A p(A) ~ 1) - [b]

=min||(4-p(A) -
We are interested in putting to 0 the quantity ||(A - p(A) — I)|| and this is possible
iff
Ap(Ar) — 1
14 Vi=0
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And this holds iff Vi, A;p(A\;) —1 =0 <= p()\;) = +. This is a polynomial
interpolation problem and it can be solved in k steps if k is the number of
distinct eigenvalues. O

Notice that if A has more than k eigenvalues, but all of them are clustered
around k distinct values, then it is possible to find a polynomial that attains
p(N) = %,Vi =1,...,m, hence the residual should be small:

[rnl = [[Axn — b = min [(Ap(A) — I)b|
of degree < n — 1
Ap(A1) — 1
SIVI- i V-l
of degree <n — 1 )\mp()\m) -1
< VI [v=Hf - Dbl min - max [Aip(Ai) =1

of degree < n — 1

Notice that Gauss operations on the rows of any matrix A (e.g. swapping
rows or scalar multiplication of a row) change its eigenvalues, without changing
the solution.

More generally, given P € M (n,R) we can change the problem Ax = b to
PAx = Pb. If P is invertible, the two systems have the same solution. However,
the spectrum of PA may be much better (in the above sense) than the spectrum
of A, leading to a faster solution with GMRES.

In particular, this happens if we manage to find P = A~!. The perfect choice
would be P = A~ but, of course, if we knew A~! we would already have a way
to solve linear systems: just compute the matrix multiplication A~ 'b.

There are various techniques (often problem-dependent) to build effective
preconditioners P. One comes from approximate LU factorizations of A (in a
suitable sense); they are known as incomplete LU preconditioners.

4.6.6 MINRES: Modified Arnoldi for symmetric matrices
MINRES algorithm is based on two different modifications of GMRES:

o Improvement of Arnoldi step, due to the symmetry of matrix A (Lanczos)

o Improvement in solving LS problem (specialized GMRES)

Lanczos step

Fact 4.6.18. Let A€ M(m,R). Then H, € S(n,R), Vn <m.

Proof. According to Arnoldi’s algorithm, we have that a vector w € K;11(A4,b)\K (A, b)
is chosen as w = Aqj. The Hessemberg matrix is such that

Hij=Bij=a" -w=q;" - Aq;, Vi, j
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Therefore -
(Hy)" =q;" ATai = 5" Aqy = H;,

Corollary 4.6.19. A symmetric Hessemberg matriz is also tridiagonal.

Notice that a tridiagonal matrix requires a lot less space, hence we can save
a lot of computation in the Arnoldi loop, as shown Algorithm 4.6.3.

ALGORITHM 4.6.3 Lanczos algorithm Matlab implementation.

1 function Q = lanczos(A, b, n)

2 Q = zeros(length(b), n); Jwill be filled in
s H = zeros(n+l, m);

4+ QC:, 1) = b / norm(b);

5 for j=1:n

6 w=Ax*Q(, j);

7 for i = j-1:j %second modification
8 betai = Q(:, i)' * w;

9 w =w - betai * Q(:, i); /Jperformed only on non-zero entries
10 H(i, j) = betai;

11 end

12 nrm = norm(w);

13 H(j+1, j) = nrm;

14 QC:, j+1) = w / nrm;

15 end

Fact 4.6.20. The cost of Lanczos algorithm is n - nnz(A) +m - n.

Specialized GMRES

There is an extra saving when solving LS problem min || H,y — ey - ||b]|||

4.6.7 CG: Modified Arnoldi for positive definite matrices

Let us take A = AT € M(m,R) such that A is positive definite. Then, we
can find the solution to Ax = b by minimizing the (strictly convex) function
f(x) = $xT Ax — bTx, which means imposing the gradient to 0:
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Vix)=Ax—b=0 < Ax=b

Surprisingly, conjugate gradient on this problem can be interpreted as a
Krylov subspace method.

Definition 4.6.4 (A-orthogonal). Let A € M(m,R) and let x,y € R™. The
vectors X,y are said to be A-orthogonal if x” Ay = 0.

Definition 4.6.5 (A-norm). Let A € M(m,R) positive definite and let x € R™.
We term A-norm the square root of the scalar product of x by A. Formally,

x| , = VxT Ax, where x Ax > 0, because A = 0

The conjugate method algorithm (Algorithm 4.6.4) works by keeping track of
3 different vectors: xj the current iterate, rj = b — Ax; = —V f(x;) the residual
(that expresses how far we are from the solution), and the search direction dj .

ALGORITHM 4.6.4 Pseudocode for the conjugate gradient method.
1: procedure CG__ITERATION
2: xg < 0;
g < b,
d() — b,
for j = 1:n do

3

4

b T

6: Rl v v s

7 Xj ¢ Xj-1 + ajdj_l;
8 rj < Trj—1 — ajAdj_l;
9

rj_Tj

fi = o
10: dj —rj+ ,Bjdj_l;
11: end for
12: end procedure

Notice that the search direction (line 10) is modified adding a multiple of
the previous search direction (the so-called “deflection”) to the residual and f;
is chosen such that dj and dj—; are A-orthogonal (formally, djTAdj_l =0).

Conversely, the next point is chosen in order to minimize the objective
function f(xj_1 + ojdk—1).

The update of the residual at line 9 follows from

ry = b — AXj =b—-A. (Xj,]_ =+ ijdjfl) =b — AXj,]_ —ajdj,1
rj—1

Theorem 4.6.21. The time complexity of Conjugate Gradient method is O(n +
n-m) (that is less than GMRES) and the space complexity is constant (3 vectors).

Notice that it holds that r;j,d;, and x;11 € Kj41.
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Theorem 4.6.22. K;(A,b) = span(x1,Xz,...,X;) = span(de,dq,...,dj_1) =
span(ro,ri,...,rj_1).

Theorem 4.6.23. The residuals {ro,r1,...,rj—1} are orthogonal and the search
directions are A-orthogonal. Formally,

I‘jTI‘j = diTAdj =0,Vi<y

Proof. By induction: Let us assume we proved the thesis r;”
i=j—2,...,0.

We want to prove that

rj =0 for j —1 and

T T T T
ry ry=ry - (I‘j_l - Oszdj_l) =Ti Tj_1 — oyT; Adj_l =0

CAsE i < j—1:

D riTrJ-,l = 0 hold by induction

. ajriTAdj,l = 0 holds, because r; € K;+1(A4,b) = Span(do, ..., d;).
Since ¢ < j — 1 and the vectors spanning the Krylov’s space are
orthogonal we have the equality with 0 (that proves also the A-
orthogonality)

CASEi=j —1:
I‘jflTI'jfl
I‘j_lTAdj_l

I‘iTI‘j =0 <= o =

and this holds because, since dj_1 = rj_1 + f;-1d;-2,

dj_lTAdj_l = (I‘j_l + ﬂj_ldj_l)TAdj_l = I‘j_1TAdj_1+,3j_1dj_1TAdj_1 S

=0 ind.

T
rj—1 rj—1

and by definition O[j = m

O

Notice that the base of residuals is orthogonal but not orthonormal, we need
to re-scale it to obtain an orthonormal one, moreover, Hrl—i”ri coincides (up to a
sign) with the q; obtained with Arnoldi.

Theorem 4.6.24. Let A € M(m,n,R) and let b € R™. The solution of the
minimum problem
min  ||Ax — b||
Xn€K,(A,b)
s expressed as
Xn = Qn . Hn_l Hb” €1
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Proof. Saying that r, = b — Ax,, is orthogonal to all vectors of K, (A,b) is
equivalent to requiring Q,” - (b — Ax,) =0

QnTb = QnTA Xn
~—
QnYn

0

[bller = Huyn
O

In figure Figure 4.4 we can see a comparison between Arnoldi algorithm and
the conjugate gradient.

sonlpexla

K (Ab)

(a) Arnoldi (b) Conjugate gradient
FIGURE 4.4: Traditional orthogonality (Arnoldi) leads to the minimization of the

2-norm, while in the conjugate gradient we impose A-orthogonality and we get a good
approximation in several norms.

Theorem 4.6.25. In Conjugate Gradient method, x; is the best approzimation
in K;j(A,b) of the exact (and unknown) solution x, to Ax, =b in K;(A,b) in
the A-norm. Formally

x5 — x5 = (35 — %) T A(x5 — x.)

Or, equivalently,

1
Xj = argmin —xTAx +bTx + constant
x€K;(A,b)

F(x)
Proof. Let us prove that any z € K;(A,b) is further from x, then x;. We can
write z € K;(A,b) as x; +y, where x;,y € K;(A,b)
(%o —2) T A(xe —2) = (x0 — x5) T A(xe — x5) + (%2 —x3) Ay +y" A (x, —x5) +y" Ay
—

0 0 >0

> (x. —x5) A%, — %;)
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Convergence of Conjugate Gradient

Notice that the Conjugate Gradient method is a monotonic algorithm.

Theorem 4.6.26. Let A\pax, Amin be the mazimum/minimum eigenvalue of A;
then, CG converges with rate

n

V /\max Y% )\min
Vv )\max + V )\min
—_———

<1

6. — xall < . — ol

We can rewrite it in terms of a more familiar quantity: for a positive definite
matrix, eigenvalues and singular values coincide, hence

VAmax_VAmin:ﬁ_m: %_1:\/H(A)—1
V)\max+v>\min \/E_F\/O'im \/g_i-l \/@4‘1

For large values of k(A), this is approximately 1 — ﬁ, while if k(A) ~ 1 the

convergence speed is very high.

Theorem 4.6.27. As we already said for GMRES, if A has at most n different
eigenvalues, we can find a polynomial p of degree < n—1 such that 1—p(A;)\; =0
and therefore we have convergence in n steps.

Proof.

i — = i —p(A)b
o cmin, [[% — %nll 4 min [ — p(A)b| 4
of degree <n —1

%+ = p(A) Ax.]| 5
< = p(A)A] - x|

But the quantity ||I — p(A)A| is small, since
Ap(Ar) — 1
11 = p(AA[ = V- eV
)\mp()‘m) -1
O

Moreover, if the eigenvalues of A are ‘clustered’, one can construct polynomials
such that p(\) attains the clusters, then fast convergence is implied.

1+
Gg. Something on Matlab ...

In Matlab it is possible to write a permutation of the rows of A that
tries to put non-zero entries as close as possible to the diagonal: p =
syrcm(A) ;
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